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ABSTRACT 

This  ar t ic le  is  intended t o  provide researchers  spe-A* 
c i a l i z i n g  i n  s c i e n t i f i c  r a d i o  e l e c t r o n i c s ,  w i t h  an 
exac t  t h e o r e t i c a l  up-to-date a n a l y s i s  on the  very 
e s s e n t i a l  ( e spec ia l ly  f o r  us) s u b j e c t  of t h e  s tudy 
of t h e  microwave propagation condi t ions through 
the  troposphere,  e spec ia l ly  i n  t h e  case i n  which 
t r ansmi t t e r  (source) and r ece ive r  (point  of ob- 
se rva t ion)  are i n  l i n e  o fe s igh t  contac t .  I n  t h e  
following development mainly the  la tes t  works of 
Soviet  s c i e n t i s t s  were taken i n t o  cons idera t ion  
(L. A. Chernov, V.  A. Krasi lnikov,  V. I. Ta ta r sk i ,  
A. M. Obukhov, A. N .  Kolmogorov, and L. D. Landau) 
through which the  r a t h e r  exact  and mathematically 
d i s c i p l i n e d  s t a t i s t i c a l  desc r ip t ion  of t h e  prop- 
aga t ion  medium w a s  achieved. Many o r i g i n a l  re- 
l a t e d  works, determining similar parameters and 
a t t r i b u t e d  t o  t h e  f i r s t  who d e a l t  w i t h  t he  prob- 
l e m  (H. 6. Booker, W. E, Gordon, K.  Bul l ington,  
C. L. Peker i s ,  A. Wheelon, H.  S t a r a s ,  F. Villars, 
V. F. Weisskoopf, E. G. S .  Megaw, R. A. S i lve r -  
man, e t c . )  r e s u l t  as special  cases (by special  
choice of t he  turbulence spectrum i n  each case)  
of t h e  genera l  t h e o r e t i c a l  concepts developed 
below, 

' Introduct ion 

The problem of e lectromagnet ic  wave s c a t t e r i n g  by the  lower l a y e r s  of 
t h e  atmosphere owes i t s  development b a s i c a l l y  t o  t h e  f a c t  t h a t  t he  phenome- 
non uncovered the  p o s s i b i l i t y  of r a d i o e l e c t r i c  connection, on t h e  range of 

*Numbers given i n  t h e  margin i n d i c a t e  t h e  pagina t ion  i n  t h e  o r i g i n a l  f o r e i g n  
text. 
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approximately 50 - 1 0  000 %, of po in t s  s i t u a t e d  beyond t h e  o p t i c a l  horizon. 
S 

However, t h e  concept of "op t i ca l  horizon" (except  i n  some cases of very! 
long o r  very s h o r t  coupling) must be s tud ied  s t a t i s t i c a l l y :  
upon the  instantaneous va lue  of t h e  equiva len t  slope* of t h e  r e f r a c t i o n  index 
i n  t h e  r eg ion  of coupling, t h e  conformally transformed e a r t h  r a d i u s  i s  pos- 
sometimes a b l e  t o  a l low l i n e  of s i g h t  contac t  of t h e  two po in t s  t o  b e  jo ined  
and sometimes no t .  Thus i t  is  poss ib l e  (and t h i s  is only experimental ly  
proven) f o r  a r a d i o e l e c t r i c  coupling of medium length  t o  be  considered f o r  a 
c e r t a i n  percentage of t i m e  as " t ropospheric  beyond t h e  horizon' '  and f o r  t h e  
rest of t h e  s tudy t i m e  as coupling "of long l i n e  of s i g h t  contact" .  E i the r  
way, t h e  n a t u r e  of t h e  problem does no t  change: i n  s m a l l  d i s t ances  t h e  p r i -  
mary f i e l d  t o  t h e  receiver i s ,  depending on t h e  occasiqn,  t h e  one t h a t  cor- 
responds t o  t h e  level  of f r e e  space,  o r  t h a t  corresponding t o  t h e  r educ t ion  
due t o  r e f r a c t i o n  over t h e  s u r f a c e  of t h e  Earth.  I n  t h e  f i r s t  case t h e  f i e l d  
reduces p ropor t iona l ly  t o  t h e  square  of t he  d i s t a n c e  L between t r a n s m i t t e r  
and r ece ive r ,  i n  t h e  secondlapproximately exponent ia l ly  t o  i t .  

depending 

On t h e  o the r  hand t h e  f i e l d  due t o  sca t te r ing** which f o r  s m a l l  d i s t ances  
superimposed on t h e  main component g ives  t h e  f l u c t u a t i o n  about t h e  mean va lue ,  
which t h e  main component determines,  decreases  mainly l inearly*** wi th  t h e  
d i s t ance  L f o r  l i n e  of s i g h t  connection, and p ropor t iona l  t o  Ln f o r  couplings 
beyond t h e  horizon.  It is ,  t h e r e f o r e ,  obvious t h a t  as long as t h e  length  of 
coupling gradual ly  inc reases ,  t h e r e  develops f o r  each of t h e  above cases a 
l i m i t  Lc, (faster f o r  t h e  beyond t h e  horizon case and much la ter  f o r  t h e  
case of t h e  l i n e  of s i g h t  connection) f o r  which t h e  levels of t h e  main compo- 
nen t s  f o r  each case c o n t r i b u t e  t o  t h e  formation of t h e  ins tan taneous  walue of 
t h e  f i e l d  of  r ecep t ion  under t h e  same o r  relative range of magnitude t o  che com- 
ponent due t o  s c a t t e r i n g .  I n  t h e  reg ion  of t h i s  l i m i t  t he  experimental ly  
p roven , s t a t i s t i ca l  morphology of t h e  f i e l d  amplitude and phase f l u c t u a t i o n )  
being d i r e c t l y  dependent f o r  a given frequency upon t h e  dimension of the 
turbulence scale, g ives  va luable  information on t h e  "propagation mechaciism" 
f o r  each case. 

* 

** 

S e e  r e fe rence  P. M i s m e  "Le Gradient Equivalent 'I Annales des ,  telecomiuunica- 
t ions.  vol. 15,  Nos. 3-4 , MarchyApril i960. 

Also J. Nikol i s  "On t h e  condi t ions  of propagat ion of e lectromagnet ic  rad ia-  
t i o n  through t h e  troposphere.  Corre la t ion  of r a d i o e l e c t r i c a l  and radio- 
meteorological  papameters", t h e s e  f o r  doc to ra t e ,  June 1962. 

It is  understood t o  mean s c a t t e r i n g  i n  t h e  troposphere.  
e lectromagnet ic  r a d i a t i o n  s c a t t e r i n g  by a rough r e f l e c t i v e  s u r f a c e  ( sea ,  
g r o u n d ) w i l l  b e  deal t  w i th . in  our forthcoming art icle conta in ing  s p e c i a l  
experimental  work. 

The problem of 

***See below. 
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PART A. 

DETERMINATION OF THE EQUIVALENT SCATTERING CROSS 

THROUGH TURBULENT TROPOSPHERE 
SECTION FOR THE ELECTROMAGNETIC RADIATION PROPAGATION 

The problem of e lectromagnet ic  wave s c a t t e r i n g  through nonhomogeneous /2 
and noniso t ropic  atmosphere is s t a t e d  as fol lows:  a p lane  monochromat:ic 
e lectromagnet ic  wave is inc iden t  on an atmospheric volume V ;  due t o  t h e  e x i s t -  
i ng  d i s t r i b u t i o n s *  of t h e  r e f r a c t i o n  index i n s i d e  t h i s  volume r e s u l t b g  from 
turbulence,  t h e  oncoming wave is being s c a t t e r e d  ( i . e .  being d i f f r a c t e d ) .  

It is requi red  t o  f i n d  t h e  equiva len t  s u r f a c e  of sca t te r ing** (or  t h e  
mean dens i ty  of t h e  s c a t t e r e d  r a d i a t i o n )  i n  a given d i r e c t i o n  c p ,  8. 

We w i l l  assume t h a t  t h e  d i s t r i b u t i o n  of t h e  r e f r a c t i o n  index n(7)  i n s i d e  
t h e  volume V is  s t a t i s t i c a l l y  "random" and independent of t i m e .  

A. Assume t h a t  t h e  conduct iv i ty  of t h e  t roposphere is  zero  and i t s  
(relative) magnetic permeabi l i ty  is u n i t y .  

The Maxwell equat ions under these  condi t ions  are w r i t t e n :  

-~ 
(1) I 

(2) 

- 
' rot E = j L 3  

- 
' s= - j j k s E  

d i v z =  0 (3). ; 
. 

w - 2.rr where 
of t h e  e lectr ic  and.magnetic f i e l d ,  r e spec t ive ly . .  

k = - - - A , ,  s ,  t h e  relative d i a l e c t r i c  cons tan t  and E, H t h e  amplitude 
C 

Taking r o t  = Cure of both s i d e s  of equat ion (1) above and s u b s t i t u t i n g  
from (2) w e  ge t :  

* See below 

** Meaning t h e  p e r  u n i t  of s o l i d  angle ,  u n i t  of s c a t t e r i n g  volume and u n i t  of 
incoming power d e n s i t y ,  power of recept ion .  
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and s i n c e  s = n2 ( r )  w e  f i n a l l y  g e t :  

We assume t h a t  t h e  f l u c t u a t i o n s  of t h e  r e f r a c t i o n  index n are small, - i .e. 
n = E -I- nl, s i n c e  fi 

I ni - n (<<I. I f  w e  ca l l  nl t h e  dev ia t ion  of n from t h e  mean value: 
1*, rep lac ing  t h e  n i n  Eq. ( 4 )  by 1 + nl w e  get :  

To s o l v e  Eq. (5) w e  put:  

where t h e  nth tern has t h e  order  of magnitude ny (Born's approximation). 
s t i t u t i n g  i n  Eq. (5) and equating t o  zero  each group of terms of t h e  same 
order  of magnitude w e  ob ta in :  

Sub- 

I n  Eq. (7) t h e  quan t i ty  l o g  ( 1  -I- nl) which appears i n  Eq. (5) has  been 
expanded i n  t h e  powers of n l ,  i.e. 

The quan t i ty  E, r ep resen t s  t h e  amplitude of t h e  f i e l d  s t r e n g t h  of t h e  on- 
, coming wave which, s i n c e  it was  taken as plane i s  Eo = A, * ejBp. 

** t i t y  E 
o m i t t e i  due t o  t h e i r  i n f i n i t e s i m a l  s i z e )  

The quan- 
r e p r e s e n t s  t h e  amplitude of t h e  s c a t t e r e d  wave ( t h e  terms E2 ...... are 

* The v a l u e  n-1 near t h e  ground is of t h e  order of magnitude H 3 . 1 0 - 4 ,  
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2 2 The s o l u t i o n  now of t h e  equat ion p + (r) + k . +(;) = f ( 2 )  (which 
corresponds t o  t h e  outgoing waves) is  of t h e  form 

j k IT -71 

where ?'  i s  t h e  v a r i a b l e  vec to r  which o r i g i n a t e s  a t  t h e  zero of t h e  coordi- 
n a t e  system which w e  p l ace  i n s i d e  t h e  volume of d i f f u s i o n  - i n  d i f f e r e n t  
po in t s  of t h i s  volume. 

I f  t h e  p o i n t  of observa t ion  7 is loca ted  a t  a g r e a t  d i s t a n c e  from t h e  
volume V as compared t o  t h e  dimensions of t h i s  volume then  f o r  a l l  t h e  va lues  
r '  t h e  quan t i ty  17 - - I i s  approximately cons tan t  and equal  t o  r = 1.1. 

Under t h e s e  condi t ions  t h e  quan t i ty  Ir - r '  I can be expanded i n  a power 
series i n  t h e  r a t i o  L , i.e. : 

r 

t h e  u n i t  v e c t o r  drawn from t h e  o r i g i n  of t h e  coord ina te  system ( i n s i d e  t h e  
volume V) towards t h e  p o i n t  of observation. I f  t h e  r e l a t i o n :  

... 

' o L 2r [,*a,& , "11 << I 

is  v a l i d  f o r  a l l  t h e  va lues  of r', i . e .  i f  t h e  dimensions L of t h e  s c a t t e r -  
i n g  volume s a t i s f y  t h e  condi t ion  A.r >> L , then  2 

Fur the r ,  s u b s t i t u t i n g  i n  t h e  denominator of equat ion  (8) 12 - F' 1 -  r 
w e  g e t :  

- . ." ......... . . . . . .  -. .... 

_ ,  
. v  . . . . . . . . . . . . . .  - , . .  .... 
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Using now r e l a t i o n  (9) t o  s o l v e  (7) w e  g e t  

2 -  . - . .  - 

The second i n t e g r a l  of (10) is  being transformed by making use  of Gauss' 
theorem: 

-~ - _  

V B V - --  . -  - 

where s is t h e  s u r f a c e  surrounding t h e  volume V and da an  element of t h i s  
su r f  ace. 

The s u r f a c e  i n t e g r a l  is  equal  t o  zero  as long as t h e  s u r f a c e  of i n t e -  
g r a t i o n  can be  extended beyond t h e  l i m i t s  of t h e  volume V. Since: 

w e  have : 
. - . . 

then  : 

6 



. __.I_ --... ................. 
i 

I- I 

o r  

where: 

and 

jlr jkr 

- j (11) ) i  - k ? d  j k e  
2nr 2.nr I 1 E,(r)= - C, . Z r / -  -- C, do 

V 

V _- . ---.. ~ 

Both t h e  terms of (11) represen t  s p h e r i c a l  waves the  amplitude and phase 
of which depend on t h e  f l u c t u a t i o n  of t h e  r e f r a c t i o n  index n l (? ' ) ,  i n s i d e  the  
volume V. The second term descr ibes  a long i tud ina l  e l e c t r i c a l  f i e l d .  I f  w e  
transform t h e  expression f o r  c2,  by making use  of Gauss' theorem, we ge t :  

. ............... - .. 

Therefore,  t h e  s c a t t e r e d  wave is pure ly  t r ansve r sa l .  

B. Calculate  t h e  f l u x  dens i ty  of t h e  s c a t t e r e d  energy. 

The ind ica t ed  va lue  of t h e  energy dens i ty  during one per iod  i s  
- 
S = c . Re [E1 H1*], 

87r 
From r e l a t f o n s  (11) and (1). w e  ge t :  

_.I . . . . . . . . . . . . .  -- . . . . . . . . .  

' k r  

r 2  
neglec t ing  t h e  t e r m  Sub- 

s t i t u t i n g  (11) and (12) i n  t h e  r e l a t i o n  which g ives  t h e  f l u x  dens i ty  w e  get:  

i n  accordance with t h e  assumption made above. 
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Towards t h e  d i r e c t i o n  To the f l u x  dens i ty  w i l l  b e  equal  t o :  

- 
where x i s  t h e  ang le  between &, and 2o and Ao2 = 1 

S u b s t i t u t i n g  t h e  va lue  of cl from (ll}'? w e  ge t :  

I 

. . . .______.__ . I 
v v  

._I_-I ..-.. . . . . .. ... 

The q u a l i t y  S has "random" d i s t r i b u t i o n ,  

The mean va lue  of it w i l l  be: 

I .- . _ .  

From (13) w e  observe t h a t  t h e  mean va lue  of t h e  energy f l u x  dens i ty  
t h e  po in t  of observa t ion  is expressed as a func t ion  of t h e  c o r r e l a t i o n  co- 
e f f i c i e n t  of volume B (21, F2) of t h e  r e f r a c t i o n  index f l u c t u a t i o n .  

W e  assume a t  f i r s t  t h a t  t h e  turbulence i n s i d e  t h e  volume V i s  homogen- 
eous,  i.e. t h a t :  ' 

(The homogeneous turbulence i s  a l s o  i s o t r o p i c  as long as B(;L-;z) = B(-!Zl-?zl). 

= Fl-r2 and using t h e  f a c t  t h a t  t h e  func t ion  B ( F )  and t h e  func t ion  of I f  
t h e  phase d i s t r i b u t i o n  of t h e  atmospheric 

c o n s t i t u t e  t h e  f i r s t  func t ion  B ( p )  t h e  Four ie r  t ransformation of 

nonhornogeneity Q(c) ( u i  = 211) 
Ri 

@(u) (ui = 2) and tbe. opposite*, i.e. 
'i 

* See e ,g .  I. Bendat "Pr inc ip les  and Acpl icat ions of Random 
ch. 11. See a l s o  t h e  a t tached  Appendix, !$ r ep resen t s  
Turbulence", of o rde r  i (see Fig. 2).  

No is  e Th eory '' , 
t h e  "Scale of 

' 
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- - -  KIT (OAl22 ...) 
OL 

Zero cross ing:  

Maxima: fin = xV/a 

(where xv s o l u t i o n  of xv = t a n  xv) ' 

Maxima va lues  : 3 a 1  F(Tm) = ~'-2 
Jl+XV ;. I 

I 

. - -. 
I 

! 

I 

* .  

\, ' .  

. .  
, . .  . 

. . A .  
. .  

* .  . .  . .  

y4. 

, *  

. . I  . , .  . . 

I 

. I  . .  
, .  : .  . .  

. . ...... - ..,. ......_.........._..__. ~ .._._..._,..... , ..... 

Fig. 1 
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L e t  us  examine b r i e f l y  t h e  i n t e g r a l :  
. -  

L .. - ..._. . : 
V 

Since t h e  volume 01 i n t e g r a t i o n  has i n f i n i t e  dimensions F(7) = I$(?)*, 
then I = Q(E - k%,). 

If t h e  volume V has i n f i n i t e  dimensions t h e  func t ion  F (?) 'g ives:  

Figure 1 shows abrupt  masimum near  t h e  va lue  of  T = 0 and ou t s ide  t h e  zero  
region o s c i l l a t e s  decreasing rapidly**. 

Fur ther ,  s i n c e  F(o)  = , and t h e  func t ion  F(T)  i s  b a s i c a l l y  Limited 
8n3  8 3 i n s i d e  t h e  volume of order  2 w e  w i l l  have: v 

where t h e  i n t e g r a t i o n  takes p lace  i n s i d e  t h e  volume - 8 .rr3 which conta ins  t h e  
V 

po in t  U = E - kB. 
va lue  of (9 (u) (which has  no r e l a t i o n  whatsoever t o  t h e  s ta t i s t ica l  mean va lue ) ,  
i n s i d e  t h e  above volume. 

Therefore ,  I = Q0 (it - kzo) where r ep resen t s  t h e  mean 

* 

** 

6(;) t h e  d e l t a  func t ion  of Dirac. This must n o t  be  confused wi th  t h e  u n i t  
vec tor  6,. 

L e t  us  cons ider ,  e.g. t h a t  t h e  volume V is a cube of s i d e  2a. W e  w i l l  have: 

. . . .. .. - . -- - . .  
a 

' I jr.x 
Each of t h e  terms of t h e  above product r ep resen t s  t h e  spectrum 
of t h e  pla in  wave eJT*x, of s i n u s o i d a l  train l eng th  2a and wave ' 

l eng th  A, = h ( i n  Fig. 1, 0 is being taken i n  t h e  v a l u e  f0>. 

=/ ds : 
. -0 . 

f0 

(continued) 
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From (13) a l ready  i t  fol lows t h a t :  
s i n  . 

Q, {Z-k 1;1J I - C . P . V .  x 
4rP S6 = 

- ._ *.,... . 

The vec to r  ii = Eo - E, 
(li(o/ = IKsI) is  d i r e c t e d  p r a c t i c a l l y  ver- ( u -  q(6). ' 

.. 
t i c a l .  t r i b u t i o n  Due @(u) t o  of t h i s ,  t h e  i f  atmospheric t h e  s p e c t r a l  nonhano- d i s -  . ih\. .: . .  
g e n e i t i e s  is being explored by experimental  
p re sen ta t ion  of t h e  propagat ion mechanism 
f o r  each case, t h i s  is  always r e f e r r e d  t o  
the  vertical  d i s t r i b u t i o n  of t h e  above 

receiver ' s point: of view, the distinction 
between s t a t i s t i c a l l y  i s o t r o p i c  and non- 
i s o t r o p i c  media is very d i f f i c u l t .  - .... -^ 

nonhomogeneities. Therefore ,  from t h e  ;r, -.-----.:!A 
ii '2 rt 

2 89 
...-*.- a U  

' Lo 

Lo ou te r  scale of turbuJ.ence 
Fig.  2 Ro i nne r  scale  of t u r b i l e n c e  

**Cont'd from p. 10 

2 For and f o r  l a r g e  va lues  T t h e  
F (T) o s c i l l a t e s  and r a p i d l y  approaches ze ro  (Fig. 1). a * r ; ( T )  

z=o, F(o)= (a) , f o r  'po = 2 , F(T)  = 0 
lr 

(a>>'+!, . .  

Fur ther ,  f o r  t h e  reg ion  contalned between t h e  f i r s t  two zero c r o s s i n g s  w e  
have : 

. . .  (continued) 
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/6 
8n 3 I f  @(u) does not  change s u b s t a n t i a l l y  i n s i d e  t h e  volume - v '  

oo(E - kTo)- Q(s - k;fo) then: 

Rela t ion  (15) l eads  a l ready  t o  t h e  s o l u t i o n  of t h e  equiva len t  tre.nsversa1 
s c a t t e r i n g  c ros s  s e c t i o n  of t h e  volume V: i f  th i s  c ros s  s e c t i o n  is cal.l.ed 0,  

t h e  element of s c a t t e r i n g  s u r f a c e  i n  t h e  d i r e c t i o n  %o i n s i d e  t h e  s0l.id angle  
d Q  w i l l  be: - . ._ - I -  

I 

s, , SQ. c m  - - s, .rZ.dR 
do = - 

(.> (2) I 

I 

= 2a/i*,V, ax. CJ ( X - k .  To) dQ (16) . ..- --. s i n  

From (16) i t  can be  i n f e r r e d  t h a t  t h e  s c a t t e r i n g  agg ins t  an angle  

egsindj . =  -O,), is determined only from a very narrow region of t h e  spectral  
k .I ... 
E6 

d i s t r i b u t i o n  of t h e  t o t a l  s c a t t e r e d  r a d i a t i o n ,  nea r  t h e  po in t  5 = E - kLio. 
(See Fig.  2) .  

This means t h a t  only a small number ( inverse ly  p ropor t iona l  t o  t h e  dimen- 
s ions  of t h e  s c a t t e r i n g  volume) of monochromatic components composes t h e  spec- 
trum which r e s u l t s  from s c a t t e r i n g  a g a i n s t  t h e  ang le  @ .  
create d i f f r a c t i o n  f r i n g e s  of cons tan t  d i s t ance  determined from t h e  r e l a t i o n :  

These components 

( v e r i f i c a t i o n  of Bragg condi t ion) .  

For t h e  dimensions of t h e  compon volume a w e  w i l l  have: :. i r ;  . . .  . l # = -  8 L '  
* * *  2 S 5 f q - T  

**Cont'd f m  pg. 10 & 11 

It follows t h a t  volume - 8a3 = - 8n3 includes- 99% of F ( r ) ,  as a s se r t ed .  

1 2  

8a3 v 



Experimentally so ,  i f  t h e  geometry of coupling between t r a n s m i t t e r  and re- 
ce ive r  i s  known ( Q i s  known) and i f  t he  phenomenon i s  considered t o  be statis- 
t ical ,  p l ac ing  two antennas i n  p o s i t i o n  of r ecep t ion  a p a r t  by 

(2v + 1 )  2' 
2 

na l )  w e  can determine t h e  dimensions of t h e  common s c a t t e r i n g  volume i.n t h e  
h o r i z o n t a l  and t h e  v e r t i c a l  d i r e c t i o n  

(so t h a t  when one rece ives  maximum t h e  o the r  rece ives  minimum s ig -  

. .. _. 
' 0  4s ** 0 - -  

Because: k - A 4  = 2k. . g i ~ = ~ s ~ n . ~  w e  have f i n a l l y :  (given t h a t  
. _  .., 

x = a  & a ) *  
2 

Given t h a t ,  as  a r u l e ,  t h e  angle  Q is very s m a l l :  cos2 Q, z 1 the re fo re :  

r ep resen t s  t h e  equiva len t  s c a r t e r i n g  su r face  f o r  a u n i t  of s o l i d  angle ,  u n i t  
volume and u n i t  dens i ty  of t h e  oncoming power on t h e  volume of d i f f u s i o n .  

We remind you t h a t  

- _.._ . -- -. - -  - - 
and t h a t  k = ko - kl 
on t h e  volume of s c a t t e r i n g  and 

aga ins t  an angle  4 relative t o  t h e  pene t r a t ing  d i r e c t i o n .  

where ko is t h e  d i r e c t i o n  of t h e  oncoming radiaticsn S 

t h e  d i r e c t i o n  of t h e  s c a t t e r e d  beam 1' ' 

. . ._ 

. .  . . , . 

S u b s t i t u t i n g  i n t o  (18) w e  ge t :  
--- 

I 

! 
I 

1 

> -  

L e t  us cons ider  now t h e  r e l a t i o n  (12 ) ' .  This is  w r i t t e n :  

1 3  



- -  . -  1 .- . " -I 

2 and because s i n  x g 1 t h e  pe r  u n i t  of s o l i d  angle  equiva len t  s c a t t e r i n g  c ros s  
s e c t i o n  w i l l  be: 

1". . r-- 

Rela t ion  (20) c o n s t i t u t e s  equiva len t  expression of (19).  

It remains now t o  examine t h e  na tu re  of t h e  p o t e n t i a l ,  which t h e  d t s t r i -  
W e  w i l l  then examine t h e  reason  and t h e  mechanism by but ion  n(r)  is  due to .  

which, i n s i d e  atmospheric volume V,  turbulence i s  crea ted  and developed, a 
r e s u l t  of which is t h e  d i s t r i b u t i o n  n(r)*.  

L e t  us consider  o r i g i n a l l y  t h a t  i n s i d e  t h e  above voluine t h e  visccxxi 
f l u i d  (atmospheric a i r )  has laminar flow. This flow i s  charac te r ized  by t h e  
va lue  of t h e  parameters 1! (where 1-1 is  t h e  v i s c o s i t y  of t h e  f l u i d  and p i ts  
d e n s i t y ) ,  which g ives  th& measure of t h e  r e t a r d i n g  fo rces  under which t h e  
molecules of t h e  f l u i d  are, given: i t s  v i s c o s i t y ,  t h e  flow v e l o c i t y  V and 
t h e  length  Lo cha rac t e r i z ing  t h e  dimensions between t h e  l i m i t i n g  su r faces  
of t h e  volume V,  i n s i d e  which t h e  flow i s  laminar (e.g. i f  t h e  flow takes  
p l ace  i n s i d e  a p ipe ,  Lo r ep resen t s  the 'd iameter  of t h e  p ipe ) .  

The laminar flow of t h e  f l u i d  is  "stable"  only i n  t h e  case wheae Reynolds *- . 
number I u * L  i dE=- (-$) does n o t  exceed some c r i t i ca l  va lue  Rc. /7 .- 

While R inc reases  (due t o  an increase i n  t h e  flow v e l o c i t y ,  o r  an in-  
crease i n  t h e  diameter of t h e  p ipe  of flow, o r  a decrease  i n  t h e  viscous 
fo rces  of t h e  f l u i d )  t h e  laminar flow becomes uns t ab le  due t o  t h e  fol lowing 
reasons : 

' L e t  us consider  t h a t  f o r  some reason .a "clot"  i s  c rea t ed  i n s i d e  t h e  f l u i d  

The "period" T 5 2 
V' 

which is  charac te r ized  by v e l o c i t y  v a r i a t i o n  v '  i n s i d e  the  region of diameter 

Lo. cha rac t e r i zes  t h e  time requi red  for  t h e  above change 

t o  O C C W .  '. The per  un'it of mass energy of f l u c t u a t i o n  w i l l  b e  v". It' 

*See Appendix, 
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fol lows t h a t  t h e  p e r  u n i t  of t i m e  energy, which i s  t r a n s f e r r e d  by t h e  laminar 
form of flow i n  t h e  tu rbu len t  

o the r  hand, t h e  per  u n i t  of mass of f l u i d  and t h e  p e r  u n i t  of t i m e  d i s s i p a t e d  
i n  hea t  energy (due t o  f r i c t i o n  i n s i d e  t h e  tu rbu len t  c l o t )  w i l l  be  equal  to :  

movement w i L L  be  equal  t o  v r 2  - 13 . On t h e  
T R 

As a r e s u l t  of t h e  above, the condi t ion  f o r  t h e  r e s u l t i n g  v e l o c i t y  change t o  
remain s t a b l e  i s :  

The above r e l a t i o n  i n d i c a t e s  t h a t  l a r g e  scale d is turbances  occrrr 
e a s i l y .  
more i n  t h e  flow which is characterxzed by v e l o c i t y  v '  and dimension g. 

R g  r ep resen t s  now " the  inne r  Reynolds number" which is r e f e r r e d  t o  

v .  L,  -- > 1ic 

t h e  r e s u l t i n g  f l u c t u a t i o n s  v '  of scale R change, o f  course,  t h e  na tu re  of 
t h e  o r i g i n a l  flow, bu t  themselves remain "stable".  Since now we inc rease  

While Rp remains smaller than  t h e  va lue  R c  f o r  which 
(gj 

t h e  number v , L O  t h e  f l u c t u a t i o n s  v '  i nc rease  and t h e  inner  Reynolds rn) 
number Rk can exceed t h e  c r i t i c a l  value.  This means t h a t  t h e  " f i r s t :  order"  
f l u c t u a t i o n s  v '  become uns t ab le  and t r a n s f e r  energy i n  o the r  "second order"  
f l u c t u a t i o n s  v '  of scale R1. A s  long as t h e  number v.LO i nc reases  

f u r t h e r ,  t h e  f l u c t u a t i o n s  now v" "second class" become uns t ab le  t r a n s f e r r i n g  
energy i n  t h i r d  class f l u c t u a t i o n s  v" of scale R 2 ,  etc. 

WfJ 

L e t  R be  t h e  range of t h e  smaller (of h igher  order )  f l u c t u a t i o n s  which 
9 can occur i n  t h e  system under cons idera t ion  and vo t h e i r  v e l o c i t y .  

Since f o r  a l l  lower o rde r  f l u c t u a t i o n s  t h e  t r a n s f e r  energy from one 
range t o  t h e  next  w a s  given p a r t l y  as d i s s i p a t e d  hea t  and p a r t l y  as power 

3 

Qk 
t h e  
the 

vlc f o r  t h e  " i n i t i a t i o n "  of t h e  next  order  f l u c t u a t i o n ,  i n  t h e  case ( g o ,  vo), 

corresponding 
pe r  uni t  t i m e  

Given though 

energy i s  being transformed pure ly  i n t o  hea t .  
energy which 'is transformed i n t o  heat w i l l  b e  

I n  th i s  case 

. *  

t h a t  f o r  a l l  o rde r  
Reynolds number R is large ( f o r  t h e  R energy, which is used each t i m e  from 

dis turbances  of range R > go t h e  inne r  
troposphere-10 6 ) , t he  percentage of 
order  t o  o rde r ,  w a s  minimal compared 
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t o  t h e  energy a t t r i b u t e d  t o  t h e  ' ' i n i t i a t i o n s "  of t h e  next  class f l u c t u a t i o n s .  
We can approximately say  t h a t  t h e  quan t i ty  

l as t  order  almost untouched, and, t he re fo re ,  

e 
R 

w a s  t r a n s f e r r e d  UP t o  t h e  

meaning t h a t  f o r  a l l  order  f l u c t u a t i o n s t h e  v e l o c i t i e s  v '  are p ropor t iona l  t o  
t h e  1/3 power of the corresponding "scales of turbulence".  From t h e  r e l a t i o n s  -_ -1 

__. ..- _ -  
.- - -_. i t  fol lows a l s o :  

The r e l a t i o n s  now between t h e  maximum (Lo) and t h e  minimum (2,) scale 
of turbulence as w e l l  as between t h e  corresponding v e l o c i t i e s  of f l u c t u a t i o n  
v and vo w i l l  be:  [see (11, (21, ( 3 ) l  

This means t h a t  as long as t h e  Reynolds number of t h e  flow as a whole 
i n s i d e  t h e  volume V inc reases  (as  long as, e.g. t h e  wind v e l o c i t y  v inc reases ) ,  
t h e  minimum scale of turbulence becomes smaller. Given now t h a t  t h e  e l ec t ro -  
magnetic r a d i a t i o n  s c a t t e r i n g  is  poss ib l e  t o  happen f o r  minimum wave length  
A z go, i t  i s  obvious t h a t  t ropospher ic  coupling of known wave length  hi can- 
no t  phys ica l ly  be accomplished, even i f  h igh  power t ransmission is  used, 
beyond a d i s t a n c e  f o r  which t h e  a l t i t u d e  of t h e  common volume of s c a t t e r i n g  
V ,  formed by t h e  s o l i d  angles  of t ransmission - r ecep t ion ,  i s  s i t u a t e d  i n  a 
reg ion  where A ~ * > >  !ti. 

On t h e  o the r  hand i t  is obvious t h a t  rhe  v e l o c i t y  vi (F) determines t h e  
d i s t r i b u t i o n  ni(F): 
bu t ion  n i  is on length  
of turbulence 

i f  t h e  c o e f f i c i e n t  o f . au to -co r re l a t ion  of t h e  d i s t r i -  

;*i (>a i )  = n(v)  , 7 t  ( r  + vi) and t h e  corresponding mean scale 

where vi is  t h e  f l u c t u a t i o n  v e l o c i t y  of t h e  f l u i d  t h a t  p e r t a i n s  t o  an atmos- 
pher ic  c l o t  of diameter Ri. 



PART B.  

DETERMINATION OF AMPLITUDE AND PHASE FLUCTUATIONS OF A 
PLANE MONOCHROMATIC WAVE THROUGH TURBULENT ATMOSPHERE 

In t roduct ion  

The inf luence  of turbulence i n  t h e  lower atmospheric l a y e r s  (tropoF /8 
sphere) on microwave propagat ion causes s c a t t e r i n g  and f l u c t u a t i o n s  of t h e  
amplitude,  phase,  frequency and p o l a r i z a t i o n  of t h e  microwaves. These phe- 
nomena are of g r e a t  importance s i n c e  on one hand they al low t h e  pred ic t ion ,  
through a s t a t i s t i c a l  s tudy  of t h e  q u a l i t y  of a r a d i o e l e c t r i c  coupling through 
t h e  t roposhere,  and on t h e  o t h e r  hand, they allow, by t h e i r  proper in t e rp re -  
t a t i o n ,  t h e  in t roduc t ion  of e s s e n t i a l  conclusions regarding t h e . n a t u r e  of t h e  
propagation medium, t h e  establ ishment  of r e l a t i o n s s h i p s  between r a d i o e l e c t r i c  
and meteorologic parameters ,  t h e  knowledge of t h e  degree of e r r o r  of radio-  
electric d i r e c t i o n a l  aiming i n  t h e  cases of s a t e l l i t e  communications o r  i n  
spacec ra f t  genera l  e l e c t r o n i c  guidance, t h e  knowledge of t h e  degree of e r r o r  
of te lescopes  o r  rad io te lescopes ,  etc.  

The problem is  expressed as fol lows:  

The r a d i o e l e c t r i c  r a d i u s ,  from t h e  t r a n s m i t t e r  t o  t h e  receiver, fol lows 
a t r a j e c t o r y  determined from t h e  d i s t r i b u t i o n  n ( x , y , z , t )  (more accura te ly :  
from t h e  f i r s t  two f a c t o r s  of n r e l a t i v e  t o  each v a r i a b l e )  of t h e  r e f r a c t i o n  
index. 

The t r ansmi t t e r  and receiver may both be  s i t u a t e d  wi th in  t h e  turbulence 
reg ion  o r  one wi th in  and t h e  o the r  without .  I n  t h e  f i r s t  case w e  can sub- 
s t i t u t e  f o r  t h e  t r a n s m i t t e r ,  an equiva len t  source  loca ted  a t  t h e  boundary 
su r face  of t h e  turbulence volume (e.g. i n  t h e  case of a s a t e l l i t e  o r  a star 
being long d i s t ances  from t h e  Earth,  i t  i s  p o s s i b l e  t o  s u b s t i t u t e  f o r  t h e  
t r a n s m i t t e r ,  a p lane  wave on t h e  sepa ra t ing  s u r f a c e  marking t h e  end of t h e  
t roposphere) .  I n  t h e  second case, w e  can gene ra l ly  d i s r ega rd  t h e  po r t ion  of 
t h e  turbulence volume behind t h e  source  s i n c e  t h e  in f luence  of t h e  s c a t t e r e d  
wave towards t h e  rear of' t h e  transmitter (backsca t te r ing)  i s  n e g l i g i b l e .  I n  
our s tudy  w e  w i l l  consider  t h e  turbulence f i e l d  t o  be  " loca l ly  isotropict '* .  
Our problem is  t h e  determinat ion of t h e  s t a t i s t i ca l  p rope r t i e s  of t h e  wave 
a t ' a  d i s t a n c e  L from t h e  source  ( t r a n s m i t t e r ) .  W e  w i l l  begin wi th  a rela- 
t i v e l y  s imple example based on t h e  geometric o p t i c s  approximation. 

I. E U L E  USING THE EQUATION 
OF GEOMETRIC OPTICS 

1. A s  w a s  developed i n  P a r t  A, t h e  e lectromagnet ic  wave s c a t t e r i n g  i n  
a nonhomogenous atmosphere is  descr ibed by Equation ( 4 )  

v;! E f k 2 2  .n .E f 2 grad (E grad . logn) = 0 

*See Appendix. 
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W e  assume t h a t  t h e  geometric dimensions of t h e  nonliomogenei.tie:i; in t h e  
volume d i s t r i b u t i o n  of t h e  r e f r a c t i o n  c o e f f i c i e n t  are mucl-i l a r g e r  tl'ian the  
wave length  A(i.e. A << Ro where R, is t h e  " in t e rna l "  scale of turbulence) .  

I n  t h i s  example, s u b s t i t u t i n g  i n  Eq. ( 4 )  n = 1 +- nl and 
- -  - - - .  

E = & - @ ,  1 (IEii << IEOI , ' I % I < < 1 )  . .  
we have v' So+ PE, = 0 a n d ,  

. 0' L:, $- ka. E, +2k2. n, i?o+G2p.ad, (2 gradn,) = 0 . -. - - - I  -- . 

The l a s t  term of t h e  above equat ion i s  approximately of t h e  order  of mag- 

n i tude  kE - n1 and t h e  next  t o  last  term: 
80 

I n  add i t ion ,  t h e  t e r m  2 grad [E grad log  n ]  i n  Eq. ( 4 )  desc r ibes  t h e  var- 
i a t i o n  of t h e  p lane  of p o l a r i z a t i o n ,  during t h e  wave propagat ion,  which f o r  
A << Ro i s  n e g l i g i b l e .  Under t h e s e  condir ions Xq. ( 4 )  becomes: 

- 
V2 E + k2 . n2 . ( r )  . E = 0 ( 4  1) 

For each component of i n  t h e  d i r e c t i o n  x ,y ,z ,  w e  have t h e  r e l a t i o n :  

o r  

We apply u = A . ei4 where: 
ponent under considerat ion.  

A is  t h e  amplitude and $, t h e  phase of t h e  com- 

S u b s t i t u t i n g  i n  Eq. ( 4 . 3 )  and equat ing t o  zero t h e  real  and imaginary 
p a r t s  w e  have: 

0 8  log A + (v log AIS-  ( V V P ) ~ +  ka na (3 = 0 ( 4  4 )  

F i r s t  w e  observe t h a t  s i n c e  4 = E r and IV+I= k ,  t h e  l a s t  two t e r m s  
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2 
of Eq. (4.4) are of t h e  o rde r  of k2 = - 2 .  
amplitude A v a r i e s  s u b s t a n t i a l l y  i n  insPances of t h e  order E,. 
expression: 

v 

Fur ther ,  w e  consider  t h a t  t h e  4 a  

Hence t h e  

, s i n c e  is  approximately of t h e  order  of - 2 V2A log A + (V l o g  AI2  = - 
,2 A 

2 *O 

and, t he re fo re ,  t h e  f i r s t  two terms of E q .  ( 4 . 4 )  can-be  4n x << go, - >> - 2 
" A2 A0 

disregarded i n  comparison wi th  t h e  l a s t  two terms. Eq. (4.4) then becomes: 

(V$)2  = k2 . n2 (F) = 0 ( 4 . 6 )  

To determine now logA and 4 w e  w i l l  u s e  t h e  system of Eqs.(4.5) and (4 .6) ,  
i .e. t h e  system of geometric o p t i c s  equat ions (ch. 2) .  

W e  assume t h a t  t h e  d i s t r i b u t i o n  (T) i s  random i n  space  

(see P a r t  A . )  

W e  p u t  $ = $o + $l and logA = logAo + x 

A where x = l o g  - 
A0 

r ep resen t s  t h e  amplitude f l u c t u a t i o n s  on a logar i thmic  scale. 

( 4  10) 

Now, i n  t h e  case where 194,l << IV$,l = k, i .e .  I v $ l l  << 2n w e  can 
omit t h e  term i n  Eq. ( 4 . 9 ) .  Furthermore, t h e  t e r m  k 2 2  nl (2) , 

(1.1 << 1). can be  omit ted from the right-hand s i d e  of E q ,  c4.91, 
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Then Eq. (4.9) becomes: 

VO, V + 1  = k2 n l  (2) (4.11) 

v a l i d  f o r  

l i g i b l y  i n  l eng th  equal  t o  A. 

), [vOl I << 2 1 ~  , i .e.  under t h e  condi t ion  t h a t  t h e  phase varies neg- 

A s  r e s u l t ,  w e  can a l s o  omit t h e  l a s t  t e r m  of Eq. (4.10), and then: 

$41 + 2V logAo V 4 1  + 2Vx . V40 = 0 ( 4 . 1 2 )  

L e t  u s  consider  now a plane  wave i n  t,he d i r e c t i o n  of axis x .  We 'iiiitve 

cpo k.x and A = const .  Eqs. (4.11) and (4.12) t ake  the  form 

341 
a, - = k . n1 (2) ( 4 . 1 3 )  

(4 .14)  2 ax 
a, 

and v $ 1  + 2k - = 0 

L e t  us  consider  t h a t  w i th  t h e  t r a n s m i t t e r  a t  t h e  po in t  0,  y ,  z and t h e  re- 
ceiver a t  the p o i n t  L ,  y ,  a ,  w e  have, by i n t e g r a t i o n  of Eqs. (4.13) and (4.14), 

I_ 

1; (4.15) 
V I  (L,y,z)= q?al (x, 2 / 1 4  d x  

0 ! 

0 i 
. . I  

But th'e quan t i ty  I 

. , . . ._ . .. -. . . . .- -. .-. . - . ._. ..-.-. ...__ .. ... .. __ .. 

. - . . . .  - ..... 

is smaller than t h e  i n t e g r a l  

I .o . . . .  .-,. . ._ ... . . L , 
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Therefore,  w e  can approximately apply: 

and, i n  t h e  case 6f i so t roDic  turbulence,  . 

0 0  

From r e l a t i o n s  ( 4 . 1 5 )  and (4..16), and knowing t h e  func t ion  nl(x,y,z)  o r  i n  
t h e  case of i s o t r o p i c  atmosphere n l ( x ) ,  t h e  func t ions  (pl (L) and x(L) are  cal- 
culated.  

Before proceeding wi th  t h e  genera l  s o l u t i o n  of t h e  wave equat ion,  w e  
should r e f e r  b r i e f l y  t o  t h e  c r i t e r i a  which determine t h e  d i s t a n c e  L ,  S O  t h e  
approximation of t h e  geometric o p t i c s  by which the  s o l u t i o n s  (4.15) and ( 4 . 1 6 )  
were accomplished can be  taken  i n t o  account without  apprec iab le  e r r o r .  

2. Determination of t h e  l i m i t  of a p p l i c a t i o n  of t h e  geometric o p t i c s  
equat ions as appl ied  t o  t h e  electromagnet ic  r a d i a t i o n  propagat ion through tur-  
bu len t  atmosphere. 

2 .1  The theory of t h e  amplitude and phase v a r i a t i o n  of e lectromagnet ic  
waves t r a v e l i n g  through tu rbu len t  atmosphere developed i n  Chapter 1 w a s  based 
on t h e  equat ions of o p t i c a l  geometry which, as w e  proved, r e s u l t e d  from t h e  
wave equat ion f o r :  A << go. 

The above condi t ion  i s  not  s u f f i c i e n t  s i n c e  w e  consider  t h a t  each atmos- 
pher ic  "clot"  of t h e  nonhomogeneous troposphere produces s i g n i f i c a n t  d i f f r a c -  
t i o n  of t h e  inc iden t  wave. 

L e t  us  examine t h e  p r i n c i p a l  f a c t o r s  of t h e  sub jec t :  

From t h e  d e f i n i t i o n  of a monochromatic p lane  wave, t h i s  type of wave has  
constant  amplitude un ive r sa l ly  i n  space and t i m e .  

Any wave, the re fo re ,  t h e  amplitude of which does no t  p r e c i s e l y  f u l f i l l  
t h e  above condi t ions ,  is more o r  less nonmonochromatic. 

L e t  us then examine t h e  problem of t h e  "degree of monochromatic charac te r"  
of a wave, i!e. t h e  determinat ion of t h e  l i m i t  of a p p l i c a t i o n  of t h e  geometric 
optics* equat ions.  

a) 
func t ion  of t i m e  un ive r sa l ly  i n  space.  

Le t  us  consider  an electromagnet ic  wave, t h e  amplitude of which is a 

. L e t  wo be  t h e  angular  "mean" frequency of t h e  wave. 
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Suppose t h e  component of t h e  electric f i e l d  of t h e  wave has t h e  form of 

E ( t ) .e  j ('bt . 
components using i ts  Four ie r  i n t e g r a l .  

This f i e l d  (nonmonochromatic) can b e  analyzed i n  monochromatic 

The amplitude of a frequency component & w i l l  accordingly b e  equal  t o  

, i(o-oo)t y ' E o ( l ) . c  d l  
-03 . .  

The f a c t o r  e j ( w - w O ) t  is  a p e r i o d i c  func t ion  of average va lue  equal  t o  
zero.  
of w f wo. 

, t h e  i n t e g r a l  d i f f e r s  from zero s i g n i f i c a n t l y  less, as t h e  t h e  order  of - 
v a r i a t i o n  of Eo i n  t h e  above t i m e  i n t e r v a l  i s  smaller. 

I f  t h e  Eo is  cons tan t ,  t h e  above i n t e g r a l  w i l l  b e  zero  f o r  a l l  va lues  
I f  now Eo(t)  i s  v a r i a b l e  b u t  varies " l i t t l e"  i n  a t i m e  i n t e r v a l  of 
1 
wO 

I n  o rde r  f o r  t h e  va lue  (I) t o  b e  d i s t i n c t l y  d i f f e r e n t  from zero ,  i t  is  
necessary t h a t  Eo vary s u b s t a n t i a l l y  i n  t h e  t i m e  i n t e r v a l  1 . 

w, @O 

L e t  A t  b e  t h e  above t i m e  i n t e r v a l .  

I f  w e  des igna te  Au t h e  frequency i n t e r v a l  (about t h e  va lue  wo) which 
e n t e r s  i n t o  t h e  s p e c t r a l  determinat ion of t h e  wave, w e  have: 

W e  observe,  i . e .  t h a t  a wave i s  s i g n i f i c a n t l y  more monochromatic (Aw) as 
t h e  t i m e  i n t e r v a l  A t  i n  which t h e  amplitude Eo(x,, yo,  zo )  r e g i s t e r s  a given 
change i s  longer .  

b) L e t  Ax, Ay, Az b e  t h e  d i s t ances  i n  t h e  d i r e c t i o n  of t h e  axes x ,y , z  
I n  a given t i m e  to t h e  where t h e  amplitude Eo(to) changes ( s u b s t a n t i a l l y ) .  

f i e l d  as a func t ion  of x ( f o r  x ,y  ; cons t . )  has  t h e  form 

By exac t ly  similar deduct ion as i n  2.1 a ,  w e  develop t h e  r e l a t i o n s :  

. .- _- - .  .. . - -- . 
, dk(x) .  Ax 1 , A k ( y )  Ay 1 

A k ( z ) . d s =  1 
. I . _ .  and 

From t h e  above r e l a t i o n s ,  i t  is obvious t h a t  i f  w e  consider  an  e l ec t ro -  
magnetic nonmonochromatic beam t o  b e  of f i n i t e  c r o s s  s e c t i o n ,  its d i r e c t i o n  
of propagat ion cannot b e  cons tan t .  
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Considering t h e  a x i s  x as (mean) a x i s  of d i r e c t i o n  of t h e  beam, we de f ine  
t h e  angle  0 of t h e  divergence of t h e  beam by t h e  r e l a t i o n :  Y 

(XY 1 - 
Therefore , a 'nonmonochromatic convergent beam does n o t  produce one b r i g h t  

p o i n t  on a screen ,  as i n  geometric o p t i c s ,  bu t  a s p o t  of diameter 

I A 
A U - Z -  This s i g n i f i e s  t h a t  f o r  t h e  observer ,  i t  is no t  poss ib l e  t o  

d i s t i n g u i s h  an o b s t a c l e  between t h e  source  and t h e  sc reen  of diameter 

k.O 0 

Inverse ly  : 

For a monochromatic r a d i a t i o n  propagating through obs t ac l e s  of rnini.~i:um 
diameter ,  a, ( i n  t h i s  case !Lo is  t h e  minimum o r  " in t e rna l "  s c a l e  of turbulence)  
a t  t h e  d i s t ance  L from one of t h e  above obs t ac l e s  (atmospheric c l o t s ) ,  t he  
diameter of t h e  s c a t t e r e d  beam w i l l . b e  equal  t o  o .  L 

t h e  geometric shadow of t h e  o b s t a c l e  !+, t o  remain r e l a t i v e l y  uniform (condi- 
t i o n  of geometric o p t i c s ) ,  t h e  fol lowing r e l a t i o n  must be  f u l f i l l e d :  

, I n  order  f o r  
a, 

& / ! L o  << % 
ceiver f o r  which, i n  a tu rbu len t  atmosphere,the propagat ion occurs ,  is ,  ac- 
cczding t n . t h e  l a w s  of geometric o p t i c s ,  l imi t ed  by t h e  r e l a t i o n :  

o r  f o r  given A, !Lo t h e  d i s t a n c e  L between t r a n s m i t t e r  and re- 

(V) 

e.g. for Ru, = 5 m and A = 10 c m  

w e  have Lcr z 250 m 

11. 1. SOLUTION OF THE WAVE EQUATION BY THE 
METHOD OF "SMALL DISTURBANCES". * 
L >T , from t h e  t r a n s m i t t e r ,  w e  cannot d i s regard  A t  long d i s t ances ,  (. 9 

t h e  d i f f r a c t i o n  of t h e  waye by t h e  atmospheric nonhomogeneities G. 
For a genera l  s o l u t i o n ,  t he re fo re ,  of t h e  problem w e  must s tar t  wi th  t h e  

genera l  equation: 

$u + k2 n2 ( r )  u = 0 (5) 

We apply as i n  Ch. I 

%om's appraximation. See r e fe rence  and Mandl, "Quantum Mechanics". 
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The p r i n c i p l e  of t h e  method of " s m a l l  d is turbances"  c o n s i s t s  i n  consider- 
ing  the  component u of t h e  e l e c t r i c  f i e l d  t o  be  ca l cu la t ed ,  as a sum of one 
t e r m  uo zepresent ing  t h e  f i e l d  i n  the  absence of turbulence and of another  
t e r m  u1  r ep resen t ing  t h e  in f luence  of turbulence on t h e  t e r m  u. 

u = uo + u1 (5 .2)  

Subs t i t u t ing  E q s .  (5.1) and (5.2) i n  Eq.  (5) and consider ing t h a t :  

2 2 V uo + k uo = 0 

w e  have V2u1 + k2!il + 2nlk2(u +ul) + kf n: (uo+ur> = 0 ( 5 . 4 )  0 

2 The last term of Eq. ( 5 . 4 )  , of order  nl, can be  omitted.  

I f  w e  now suppose t h a t  l u l l  << Iuol* o r  more exact  u1 - nl, w e  can JG I 
omit t h e  term n l (2 )  . u 1  i n  Eq. (5.4). 

.Theref o re ,  w e  have : 

V2 u1  + k2 u1 = -2k2 , nl (2) uo 

j# L e t  now: uo = A,, e j ' O  and u = A.e 

logu = logA + j 4  = log  (uo 4- ul) = is: - 

(5.5) 

But according t o  t h e  assumptions made of "weak" inf luence  of turbulence,  

logA f j$ = log A,, fh -i- 2 I 

whence : 

*This is e s p e c i a l l y  v a l i d  f o r  couplings of l i n e  of s i g h t  contac t .  
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2, Solu t ion  of t h e  wave equat ion by t h e  method of "smooth dis turbances" .  

The equat ion (5.5) and formulas (5.6) are v a l i d  f o r  

1x1 << 1 and 1411 5<  

However, t h e  above condi t ions  are more d i s c i p l i n e d  under t h e  condi t ion  
1 1 ~ 4 ~ 1  << 2r, which w e  considered i n  t h e  s o l u t i o n  by t h e  geometric o p t i c s  
approximation. 

I n  order  t o  avoid t h e  d i s t i n c t i o n  between boundary condi t ions  of cases 
I and 11, i t  is p r e f e r a b l e  t o  express  t h e  wave equat ion  i n  t h e  form: 

2 - ' (5.7) f k2 n2 (2) = V2 logu f ( V  logu)2  f k2 n2 (7) = 0 
U 

and t o  apply t o  i t  t h e  method of " s m a l l  d is turbances" .  

Applying : 

c,s,9> 

S u b s t i t u t i n g  i n  Eq. (5.9) w e  ge t :  

1 p~,-j-&p& (2&,-j-vyr) 3 .2ka .n , ( i )  -bka.n:(6=o 
. -- . _ _  - _ I  .- 

. *  

(5.10) 
- .-, 

2 omit t ing  t h e  term k2 . n l  (r) and, under t h e  condi t ion  IVQl I << ]vuj, I r  the  
t e r m  ( v G ~ ) ~  w e  g e t  

. .  ,""- . 

(5.11) 
,: . ._ .- +..I_ . . .. 

Equation (5.11) i s  v a l i d  under t h e  condi t ions  
- 

.* 1 n, (41 <<.I and' Vqpu, I << . .  1 VPA because I .. 1 ., .. . * . . .  . . 

a condi t ion  which expresses  t h e  s t a b i l i t y  of $1 on a d i s t a n c e  of the order  A. 

Applying Jll = z". W 

w e  t ransform Eq. (5.11) i n t o  t h e  form 

'7% + k% + 2k2 . nl (r) .p = 0 

(5.12) 

(5.13) 

25 



$0 Since e = u w e  see t h a t  Eq. (5.13) co inc ides  with Eq.  (5.5) which 
0 

r e s u l t s  from t h e  method of " s m a l l  d i s turbances"  . 

(5.14) 

Equation (5.5) and r e l a t i o n s  (5.6) agree  wi th  Eqs. (5.13) and (5.14) re- 
s p e c t i v e l y .  

The condi t ions  f o r  t h i s  are: ),fv+ll << 28 and ~ 1 ~ x 1  << 1 and not 

d i r e c t l y  1411 << 1+,1 and 1x1 << 1. 

After  de r iv ing  t h e  i d e n t i t y  of t h e  boundary condi t ions  f o r  t h e  s o l u t i o n  
of t he  wave equat ion  by approximation I and the  genera l  case 11, w e  a r r i v e  a t  
t h e  s o l u t i o n  of Eq. (5.13). It is  known* t h a t  t h i s  s o l u t i o n  w i l l  be  given by 
t h e  relat io .nship : 

(5.15) 

where r' is a ' v a r i a b l e  v e c t o r  extended t o  each of t h e  p o i n t s  of t h e  volume V,  
and 2 ,  a vec to r  extended t o  t h e  po in t  of observa t ion  ( r e c e i v e r ) .  

The i n t e g r a t i o n  i s  extended on t h e  e n t i r e  volume, 

n l (P )  # 0. The quan t i ty  $1 * w i l l  be given by 
uo (3 

>. 

d V  ' e. . 
r' 

This func t ion  c o n s t i t u t e s  t h e  g e n e r a l . s o l u t i o n  of 
q0 which s a t i s f y  t h e  equation: 

i n s i d e  which : 

t h e  r e l a t i o n s h i p :  

(5.16) 

(5.11) f o r  a l l  va lues  of 

*For a very  d e t a i l e d  a n a l y s i s  see Mandl, "Quantum Mechanics". 
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L e t  us consider now a plane monochromatic wave t r a v e l i n g  along one of t h e  
axes,  say  x. 

j kx 
T h i s  w i l l  be uo( r )  = A. e and then  (5.16) g ives :  

(5.17) 

The above s o l u t i o n  can be  considerably s i m p l i f i e d  i n  t h e  case  for which 
A << !Lo: 

Sure ly ,  i n  t h e  above case t h e  angles  of s c a t t e r i n g  of t h e  i n c i d e n t  wave 
by t h e  nonhomogeneities of t h e  r e f r a c t i o n  index are of t h e  order  - /I2 
0, = 7 A (very sma l l ) .  

v a r i a t i o n s  from p o i n t  t o  p o i n t ,  only i n s i d e  a cone of angle  

axes co inc id ing  wi th  t h e  a x i s  x and which has i ts  base  f ac ing  t h e  po in t  of 
t ransmission and its v e r t e x  a t  t h e  p o i n t  of r ecep t ion .  

Therefore,  t h e  va lue  $l (7) w i l l  s co re  s u b s t a n t i a l  
0 

0, = A << 1 and 
20 

I n s i d e  t h i s  volume: 

. reDlacing t h i s .  va lue  i n  .the exoress ion  I 

. . . .  . . . - 

and cons ider ing  i n  t h e  denominator 
expansion, w e  have 

- r '  I only t h e  f i r s t  term of t h e  above 

(5.18) 
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It can be proven e a s i l y  t h a t  r e l a t i o n s h i p  (5.18) is  t h e  exac t  s o l u t i o n  
of t h e  equation: 

2 
a $1 which r e s u l t s  from Eq. (5.11) by omi t t ing  t h e  t e r m  - . 

2 ax  

Refer r ing  t o  t h e  e r r o r  which i s  being introduced i n  t h e  phase of Ecl. 
(5.16) by omi t t ing  t h e  f i r s t  two terms of t h e  expansion: 

;It \where p - 8'. L c, - and (x-x') '= L 
-.-..-- --- 10 - _.-I- - . -  ...- 

. The e r r o r  i s ,  there- & w e  see t h a t  t h e  d i f f e r e n c e  is of t h e  order  of 

f o r e ,  n e g l i g i b l e  while:  

' 12, * 8 ._ :. I . .  

..and since:. L*>> i t  must :ensue that.: 
.. . .  I. 

14 . . 

For t h e  case, e.g. where go = 5 m and A = 0.1 m w e  must have L 55 625 km 
which is p r a c t i c a l l y  t h e  case f o r  a l l  terrestial r a d i o e l e c t r i c  couplings 
through troposphere.  

' 3 .  Solu t ion  of Equation (5.19) 

W e  begin by express ing  t h e  d i s t r i b u t i o n  nl(r') = n l ( x , y , z )  wi th  t h e  ex- 
pansion on t h e  p lane  x = const .  . 

;n! (xD VI z) = n, (X,o,o) +/I [I.- Czp {i(w +' 
.- . 

. + a  

,a 

I 4% z) ) Pv(u#D ul, x, (*I 

*v(ul, u2, x) is t h e  func t ion  of s p e c t r a l  d i s t r i b u t i o n  of nl (x ,y , z )  on t h e  

(5.20) 
.. . _ .  -._-.- .- c 

1. 

plane  x = const. For f u r t h e r  a n a l y s i s  see below and Appendix. 
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W e  will sea rch  f o r  a s o l u t i o n  of Eq. (5.19) of t h e  form: 

(5.21) 

S u b s t i t u t i n g  expansions (5.20) and (5.21) i n  Eq. (5.19), express ing  
2 u2 + u2 = u2 and, applying y = z = 0,  w e  ob ta in :  3 

. ...... . -. . . . . . -. .... . 

(5.22) 

S u b s t i t u t i n  t h e  above -expression i n  I 
expansio? (5.197 

f o r  Y+oo, 3 t t . O  w e  have: 

. -Q) I 

From Eq,;*(5.23) i t  is  concluded t h a t  t h e  amplitude dv (u2,u3,x) and 
d O(u2 ,u3,x) arg , r e l a t e d  by t h e  r e l a t i o n s h i p  : , '  

(5.24) 

The s o l u t i o n  of t h e  above equat ion  which approaches zero f o r  x = 0 (which, 
of course,  means t h a t  t h e  f l u c t u a t i o n s  of t h e  f i e l d  disappear on t h e  boundary 
s u r f a c e  of t h e  volume i n s i d e  which t h e  d i s t r i b u t i o n  n l (x9y ,z )  e x i s t s ,  has  /13 
t h e  form: 

* (u3, u3 x) is t h e  s p e c t r a l  d i s t r i b u t i o n  func t ion  of %(x,y,z)  on t h e  p lane  
x = const.  
of t h e  electric f i e l d  noted i n  paragraphs 11 1 and I1 2. 

The s p e c t r a l  component u must no t  be  confused wi th  t h e  expression 
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Substituting i n  Eq. (5.25.) w e  obtain: ' .. , . . 

? 
I .  . 

(5.25) 

(5 26) 

(5.27) 

(5.28) 

(5.29) 

*The expression of the phase should not be confused with &e differential 
d+* 
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L e t  us  make a physics a n a l y s i s  of r e l a t i o n s  (5.28) and (5.29): 

The expressions da  and d o  ( s e e  Eqs. 5.26 ;and 5.27) r ep resen t  t h e  respec- 
t i v e  s p e c t r a l  width components of t h e  f l u c t u a t i o n s  of t h e  logari thm of t h e  
amplitude x(z)  and phase $l(F) o f  t h e  s c a t t e r e d  e lec t romagnet ic  wave. ' 

W e  observe t h a t  nonhomogeneities of t h e  r e f r a c t i o n  index of dimension 

R"U which are a t  a d i s t a n c e  x-x' from t h e  p o i n t  of observa t ion  ( r e c e i v e r ) ,  

appear i n  t h e  de te rmina t ion  of t h e  amplitude da  and drr wi th  weighted quan- 

2n 

2 t i t i es  s i n  2& and cos r e s p e c t i v e l y  where A2 = Xlx-x' I is t h e  square  of 
112 a2 

t h e  r a d i u s  corresponding t o  t h e  f i r s t  F re sne l  b e l t .  

The degree of i n f luence  of a nonhomogeneity of t h e  r e f r a c t i o n  c o e f f i c i e n t  
on t h e  f l u c t u a t i o n s  x(7)  and $I(?) depends on t h e  r e l a t i o n s h i p  between t h e  
dimensions of t h e  d i s c o n t i n u i t y  R under cons ide ra t ion  and t h e  r a d i u s  of t h e  
f i r s t  F re sne l  b e l t  i n  t h e  reg ion  of t h e  nonhomogeneity 2. This degree of in- 
f l uence ,  as long as t h e  freqyency of t h e  propagated electromagnet ic  o s c i l l a -  
t i o n  inc reases ,  decreases  fot t h e  amplitude f l u c t u a t i o n s  and increases f o r  t h e  
phase f l u c t u a t i o n s .  

Mult iplying t h e  express ion  (5.28) wi th  i t s  conjugate: 

- _  . _ _  . . .  . 
da+ (1.4,' , u,' , X) = 

0 0  

:and t ak ing  the  averaae  va lue  of t h e  pro- , 

'duct, w e  have : 
da (u,, u,, x) . da* ( 1 4 , .  t13 S )  = 

a .  

I #  

. . d v ( u , ,  u,, x') . d** (u; x"). , , , 

It is easy t o  prove t h a t  a l o c a l l y  nonhomogeneous f i e l d  f ( ? )  developing 
a t  t h e  o r i g i n  can be  w r i t t e n  

.. - . .  
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The s p e c t r a l  width dv(2) of t h e  above f i e l d  s a t i s f i e s  t h e  r e l a t i o n s h i p :  

where 4(E) > 0 is t h e  s p e c t r a l  d e n s i t y  of t h e  func t ion  f ( r )  and 6 t h e  Delta 
func t ion  of Firac. 

Accordingly w e  have: 

(5 * 31) 

(5.32) 

wheEe: 
index s p e c t r a l  d i s t r i b u t i o n  and Fa(u2, u 0) the(two-dimensional) func t ion  of 

t h e  s p e c t r a l  d i s t r i b u t i o n  of t h e  s t r u c t u r e  func t ion  on t h e  v a r i a t i o n s  x on t h e  
p lane  x = const .  

FV(u2, u3, x'-x") is t h e  two-dimensional) func t ion  of t h e  r e f r a c t i o n  

3' ' 

L e t  us  prove t h i s  by more .de t a i l ed  a n a l y s i s  of t h e  meaning of t h e  - / 14 
above func t ion:  

The "s t ructure"* func t ion  of t h e  "random" and "s ta t ionary"  func t ion  f (F) 
r ep resen t s  t h e  s t r e n g t h  of t h e  f l u c t u a t i o n s  of i t  f o r  d i s t a n c e s  r 2 .q  and i s  
given as 

(C) 2. D(?) = [f(F+F,) - f ( Z l ) ]  

and D(r) = 2 [B(o) ,- B ( r ) l  where ,B(r) = f ( r )  f ( r + r )  t h e  c o r r e l a t i o n  func- 
t i o n  of f ( r ) .  

:., Considering t h e  r e l a t i o n s  ( A ) ,  ( B ) ,  and (C) w e  have: 
. . .. - . . . ... . 

. ... . . - , ' ~- 

I f  t h e  f i e l d  i s  a l s o  l o c a l l y  ' i s o t r o p i c ,  i .e. t h a t  i n s i d e  t h e  volume AV 
of its i s o t r o p i c  cha rac t e r  depends only on t h e  measure of IT1 = r1 then: 

, .  

*Relative t o  t h e  meaning of t h e  s t r u c t u r e  func t ion  see a t t ached  Appendix, 
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L e t  us  now examine t h e  case of a l o c a l l y  i s o t r o p i c  "random" f i e l d  develop- 
ing on two dimensions on t h e  p lane  x = const .  ( f o r  example). 

Is : 

where the  func t ion  $ gives  t h e  spectral width of f ( x , y , z )  and s a t i s f i e s  t h e  
condi t ion:  

_.  . --. _. . . 
du, du, di< du; 

. _ _  . . .  ~ - . -. 

where F(u2, u3, 
t r i b u t i o n  of t h e  f i e l d  f ( x , y , z )  between two po in t s  on t h e  plane x = cons t ,  w e  
have : 

x - x '  ) is t h e  two-dimensional func t ion  of t h e  s p e c r r a l  d i s -  

- - - .  , 

. I f  w e  now c a l c u l a t e  t h e  c o r r e l a t i o n  func t ion  of two such d i f f e r e n c e s  
taken on t h e  p lanes  x and x',we have: 

- . -  

1 I 

[/ .. (XI p 2 - f (x. u', 2'11 [ f ( x ' ,  y, 2) - f (X', y', z')] = I 

.. .- ... . .- I-  

Using Eq.. (F), t h e  right-hand s i d e  of Eq. (G) becomes: 



E s s e n t i a l l y ,  a c o r r e l a t i o n  between t h e  d i f f e r e n c e s  

is crea ted  only by nonhomogeneities, t h e  dimensions of which are g r e a t e r  than 
of t h e  two planes x and x ' ,  i.e. f o r  d i s t a n c e s  JI 2 Ix-x'I , 
(u = a n l a ) .  

As a r e s u l t ,  t h e  func t ion  F(u2, u3 Ix-x' l)  which is  t h e  s p e c t r a l  d i s t r i -  
bu t ion  func t ion  of t h e  expression 

I f (x ,y , z )  - f ( x , y ' , z ' ) l  I f ( x ' , y , z )  - f ( x ' y ' z T 1  

decreases  quickly f o r  

Using t h e  i d e n t i t y  _ _ .  - 
1 

(0-p) ( y - a )  GT [ (b- a)*+ ( 8 - y ) ~ -  (n-y)'- (p-a)t] . 
- -  - -  - .. -. - _- _- 

w e  can express  Eq. (H) i n  terms o f  t h e  s t r u c t u r e  func t ion  of t h e  f i e l d  f :  
'. -_ - - ._ . 

w (x-xl ,  y-y*, 2- 2') - D (x-XI, 0 ,o )  = * 

4 '  

i.e. a s  w a s  s t a t e d  and f o r  Fa(u2, u3, 0) above, t h e  F(u2, u3, o> is the two- 
dimensional s p e c t r a l  d i s t r i b u t i o n  func t ion  of t h e  s t r u c t u r e  func t ion  U(n, 6) 
of t h e  f i e l d  f ( 3 ) ,  as w e  were t o  prove. 

F(u2, u3, 1x1) depends only on t h e  parameter u = m F x a n d ,  theref  ore,  
I n  t h e  case of l o c a l  i s o t r o p i c  condi t ions  on t = cons t .  

consider ing t h e  r e l a t i o n  .. 
I Pn 

where Jo(x) is t h e  Bessel func t ion  of zero  order  we have: 115 
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I n  t h e  case where f (r )  is homogeneous and i s o t r o p i c  on t h e  p lane  x = const. :  

It remains now only t o  express t h e  r e l a t i o n  between t h e  two-dimensional 
func t ion  of t h e  spectral d i s t r i b u t i o n  of D ( p ) ,  F(u2, 
dimemianal  func t ion  of t h e  s p e c t r a l  d i s t r i b u t i o n  of D r) ,  $(ul, u2, u3) 
[see Eq. (D)] .  S u b s t i t u t i n g  from Eq. (I)) i n t o  t h e  l e f t  member of Eq. (I), and 
cons ider ing  t h a t  

, x) and t h e  three-  

$ ( u l ,  u2, u3) is an  even func t ion ,  w e  ob ta in :  , 

0 
I 

. 1. -.  . - - .  ~ . -  . _ .  .. .~ 

L e t  us r e t u r n  now, a f t e r  t h e  above explana t ions  [Eq. 
(5,.31) and (5.32): 

(A) up t o  ( N ) ] ,  t o  

S u b s t i t u t i n g  t h e  above i n  Eq. (5.30) w e  ob ta in :  
.. . L -  I .. _ _ .  e. 1. - - - -  

j .  

I 

' Simi la r ly  from Eq. (5,29) we.:achieve: *" I 

i 

(5.33) 

( 5 . 3 4 )  
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The expressions ( 5 . 3 3 )  and ( 5 . 3 4 )  can be  s u b s t a n t i a l l y  s impl i f i ed :  

Pr imar i ly ,  Fv (9, u3, X'-X'' ) = Fv (u2, u3, x"-x') allows t h e  introduc- 
t i o n  i n t o  Eqs. ( 5 . 3 3 )  and ( 5 . 3 4 )  of t h e  v a r i a b l e s  of i n t e g r a t i o n :  

u 

The i n t e g r a t i o n  wi th  r e s p e c t ~ t o  y can e a s i l y  be  achieved because F, is  
independent of Y. Designating t h e  a b s c i s s a  of t h e  p o i n t  of observa t ion  (re- 
ce ive r )  x = L, w e  o b t a i n  

.-  

1 0 

( 5 . 3 5 )  

(5.36) 
__ - . . . . . - . .-.. .. . 

As i t  w a s  r e f e r r e d  to 'above ,  t h e  func t ion  Fv decreases  r a p i d l y  towards 
zero f o r  u . 5 > 1. Therefore,  t h e  s u b s t a n t i a l  c o n t r i b u t i o n  of Fv t o  t h e  
above two i n t e g r a l s  occurs f o r  6 e l / u .  

' I n  t h i s  r eg ion  t h e  con t r ibu t ion  i s  2% < 2. On t h e  o t h e r  hand, w e  have 
k - k  

assumed t h a t  A << R however, E o  - where i s  t h e  maximum va lue  of t h e  
"Ilr 0' 

parameter u, f o r  which Fv (u,C;) 4 0; I Therefme; w e  have- L << - and 
k %  

u u m  - < - 1. Therefore,  t h e  r e l a t i o n  &. << 1 is f u l f i l l e d  i n s i d e  t h e  
k k  2k 
e s s e n t i a l  area of i n t e g r a t i o n  and.we can state: 

. . ,. ._.- *.. .I. 

u'. L -sin--i;-. a 

W e  w i l l  c a l c u l a t e  t h e  s t r u c t u r e  func t ion  (or  t h e  c o r r e l a t i o n  func t ion)  of 
the func t ions  x and + f r o b  Eqs. ( 5 . 3 5 )  and ( 5 . 3 6 )  f o r  t h e  va lues  of tu rbulence  
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1 scale R, << L, i.e. - < <  L. 
U 

Because t h e  essential area of i n t e g r a t i o n  extends t o  t h e  va lues  5 << - 1 , 
U 

i n s i d e  t h i s  reg ion  w e  w i l l  have 
p l i f y i n g  condi t ions  w e  have: 

6 << L, Considering then  a l l  t h e  above s i m -  , 

( 5 . 3 7 )  

( 5 . 3 8 )  

Because t h e  func t ion  Fv ( u l ,  u2, 6 )  decreases  r a p i d l y  t o  zero f o r  l a r g e  
va lues  5, t h e  above i n t e g r a l s  ( 5 . 3 7 )  and ( 5 . 3 8 )  can be  extended from zero  t o  
i n f i n i t y  without  n o t i c e a b l e  change i n  t h e  va lues  of t h e  i n t e g r a l s .  

And s i n c e  (see Eq. (N) )  
. . . . . 

where Q ( 5 )  r ep resen t s  t h e  (three-dimensional) s p e c t r a l  d i s t r i b u t i o n  of t h e  
s t r u c t u r e  func t ion  of t h e  d i s c o n t i n u i t i e s  of t h e - r e f r a c t i o n  index, w e  have: 

( 5 . 3 9 )  

(5.40) 

I n  t h e  p re sen t  example where t h e  f i e l d  of t h e  r e f r a c t i o n  index i s  con- 
s i d e r e d  l o c a l l y  i s o t r o p i c ,  w e  have: 
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(5.41)' 

(5.42) 

The above expressions relate t h e  (two-dimensional) func t ions  of s p e c t r a l  
d i s t r i b u t i o n  of t h e  s t r u c t u r e  func t ions  of t h e  amplitude and phase f lucrua-  
t i o n s  of t h e  e lec t romagnet ic  f i e l d ,  on t h e  p lane  x = const.  = L t o  t h e  ( three-  
dimenional) func t ions  of s p e c t r a l  d i s t r i b u t i o n s  of t h e  s t r u c t u r e  func t ion  of 
t h e  r e f r a c t i o n  index. 

The s t r u c t u r e  func t ions ,  t h e r e f o r e ,  of t h e  d i s t r i b u t i o n s  x and 0 t o  be  
found a t  t h e  p l ace  of r e c e p t i o n  (x = L), w i l l  r e s u l t  from t h e  r e l a t i o n s  (see 
Eq. GI): 

-. - -  .. i -  

0, (e) = I.: (L,y,z) --3: (Ll$, z')]' = 
I 

a2 

= 4n [ 1- J ,  (tcp)] Fa (tC, 0 )  icdu ' . . 
0 - 

and ; ncpr (e )  - [F,(L* xm y) - VI (L, X', v')]' E , 

- 3  
05 

= 4n I [ I-Jo (Ire) Fw (a, 0 )  uI du  
0 

ea = (y-y')' ,+, (2-z')* . - -  . . - _ _  _^_- -  . where : 

(5.43) 

(5.44) 

The c o r r e l a t i o n  func t ions  of t h e  d i s t r i b u t i o n s  x and*$  w i l l  b e  respec- 
t i v e l y :  
geneous and i s o t r o p i c  f o r  a l l  s c a l e s  of tu rbulence) .  

(under t h e  cond i t ion  t h a t  t h e  f i e l d  of t h e  r e f r a c t i o n  index is  homo- 

. (5.45) 
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and : 

Replacing t h e  va lues  of Fa(u,o) and F+(u,o) from (5.41) and ( 5 . 4 2 )  w e  
ob ta in  : 

- 
I&, (e)  = z (Ll y. z ) ,  x (t, y', 2') = ' 

0 

, . . . *  and 11, (e)  = cp, (L, y, z )  v I  (L, y' 2') = . 

0 

- 
The mean square  dev ia t ions  of t h e  f l u c t u a t i o n s  x2 and 7 t o  be  found 

w i l l  r e s u l t  as: 

(5.43) 
0 

A s  is known ( s e e  P a r t  A . ) ,  t h e  func t ion  @(u)  of s p e c t r a l  d i s t r i b u t i o n  
of t h e  f l u c t u a t i o n s  of t h e  r e f r a c t i o n  index determines a l s o  th,e equiva len t  
s c a t t e r i n g  c ros s  s e c t i o n  of t h e  s c a t t e r i n g  volume V i n s i d e  t h e  s o l i d  ang le  
dfi, i.e,.: 

- .  . - - - -  
8 da (0; = 2n'. k4 ,V, 9.(2&,si&) dQ . i 
! or  per u n i t  volume i 

*I_., - . . . .  

(5.44) 

(5.45) 

W e  now apply,  i n  t h e  i n t e g r a l s  of Eq. (5.43), t h e  change of v a r i a b l e  

u = 2k si& . 
2 
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The v a r i a b l e  u i n  Eq. (5.43) o s c i l l a t e s  from zero  t o  i n f i n i t y .  

The v a r i a b l e  2k s i n  0 t akes  r e s p e c t i v e l y  t h e  va lues  from 0 .... .. 2k 
( fo r  real 0). The v a l u e  2f $(u) is almost zero  f o r  u >>urn. Therefore,  i n  
t h e  example under cons ide ra t ion  u >> urn, t h e  upper l i m i t  of i n t e g r a t i o n  i n  ' 
Eq. (5.43) can be  s u b s t i t u t e d  by a number much g r e a t e r  than  urn, e.g. - c o r -  2k 

responding t o  0 = 3 . S u b s t i t u t i n g  w e  o b t a i n  ( f o r  t h e  amplitude f l u c t u a t i o n s ,  

e.g.1 

Jz 

2 

or cons ider ing  Eq.. ( 5 . 4 5 )  : 

d o  (0) 

dS2 
The quan t i ty  r e p r e s e n t s  t h e  equiva len t  s c a t t e r i n g  c r o s s  s e c t i o n  

i n  an angle  0 i n s i d e  tPle s o l i d  ang le  dS2 = s i n  0 . d 0  e d4. 

I f  we d e f i n e  dUI(0) as t h e  equiva len t  s c a t t e r i n g  c ros s  s e c t i o n  i n s i d e  
t h e  s o l i d  angle  d Q =  2 s i n M 0 w h i c h  is l i m i t e d  by t h e  cones of angle  0 and 
0 + do, t h i s  w i l l  be given by 

( 5  4 6 )  

--.-.-.. 

As w e  s a w  i n  P a r t  A (Eq. 16'), t h e  dimension of t h e  atmospheric nonhomo- 
g e n e i t i e s  ("clots") which create s c a t t e r i n g  i n  an  angle  0 equals  t o  

The q u a n t i t y  then  4kLsin2 3 = &I L '+ = 2 .+-'is pro- x a ( @  = 
2 s i n  4 2 x R (0)  R ( 0 )  

p o r t i o n a l  t o  t h e  square  of t h e  r a t i o  of t h e  r a d i u s  of t h e  f i r s t  F re sna l  b e l t  
t o  t h e  diameter R ( O )  of t h e  atmospheric d i s c o n t i n u i t i e s  which cause  s c a t t e r i n g  
i n  an ang le  8. 
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sin(-) 1 - 
The function of I--- ' gives a maximum for R (0 )  - JAL. S O ,  as it 2 Z i L  ~ .__ iye) 

is seen from Eq. (5.46), the fluctuations of the logarithm of the amp'l+i.tude 
are created by superposition of the scattered components dol(@) w i t h  c1:LEferent 
weighed factors [see expression inside the brackets of Eq. (5.4611. The lar- 
ger weighted factor, as we indicate above, is given by the scattered compo- 
nents which come from tropospheric clots of dimension comparable to t h e  radius 
of the first Fresnel belt. 

In the case where the nonhomogeneities R,(@)'  are large compared to G, 
they act not as :'dPffusers" but as "coherent" sources of partial reflections, 

In this case: 
. .. .. - . . . .  - .  

then (5.47) 
0 

The case (5.47) corresponds to the geometric optics, 

In the inverse case (the radius of first Fresnel belt is much larger than 
the scale of turbulence) - JXL >> 1, then Eq. (5.46) becomes: 

R (0)  

(5.48) 

where (r' represent's the equivalent scattering cross section of unit common 
volume. 

This parameter determines, as it is seen, the per unit length reduction 
of the electromagnetic wave due to scattering. 

I 

Let us now return to the relation (5.43) and find another parameter (be- 
sides CT which was examined above) which could be measured experimentally for 
expressing x2 and $1 2 

,For >> Lo where Lo is the maximum scale of turbulence 
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but  

where B , r )  i s  t h e  c o r r e l a t i o n  func t ion .of  t h e  f luctuat ,ons of t h e  r e f r a c t i n n  
index. 

(We are reminded t h a t  t h e  s p e c t r a l  d i s t r i b u t i o n  of t h e  f l u c t u a t i o n s  of 
a "random" func t ion  and t h e  c o r r e l a t i o n  func t ion  of t h e  above f l u c t u a t i o n s  
are r e l a t e d  by t h e  Four ie r  transformation.)  

From t h e  above ensues : 

(5 .49)  
I 

A s  .an example: 

Assume a tu rbu len t  f i e l d  s t a t i s t i c a l l y  homogeneous and i s o t r o p i c  which i s  
descr ibed by t h e  c o r r e l a t i o n  func t ion  of t h e  f l u c t u a t i o n s  of t h e  r e f r a c t i o n  

' index: 
- 

2 -$/a2 B(r) = nl e (Gauss ' f i e l d )  * 
where a is  t h e  ( i n t e r n a l  o r  e x t e r n a l  i n  t h i s  case)  scale of turbulence.  

*Systematic experimental v e r i f i c a t i o n s  (see,  e.g. ,  J. Grosskopf "Fading Inves- 
t i g a t i o n s  f o r  Tropospheric Propagation Paths" Proceedings of Commission I1 dur- 
i n g  t h e  XI11 General Assembly of URSI, London, 1960) show t h a t  t h e  c o r r e l a t i o n  
func t ion  of t h e  ikuc tua t ions  of t h e  r e f r a c t i o n  index is now c o r r e c t l y  w r i t t e n  
as B(r) - exp (- Qn. For small va lues  r w e  have: 

._ 
a 

i '  . 

I B(r) zL 1 - ($7 , log (l-B ( r ) )  = nloor-nloga 

The de termina t ion  of B(r) is  achieved experimental ly  by determining t h e  v a l u e  
r 
experimental ly  proven on t h e  frequency and vary ing  between 1.3 .. 2.3) and t h e  
corresponding va lue  a of t h e  scale of turbulence.  

f o r  which B(r,) = 0.9, t h e  above r e l a t i o n s  g ive  t h e  va lue  n (depending as 
0 
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The corresponding function of spectral distribution of the sca 
turbulence R.1 = 2 ~ / , ~  will be: 

.. _. - 
The above conditions are sufficient for the determination of T x and 2 

In fact, (see Eqs. 5.41, 5.42) 

and 

0 

Let us now examine two basic examples depending on whether the expression 

_I 

T3 
e 8J7; 3 2 (independent of In this case -tan T = 1 - - and y 1 -1 

T 3 3 a8 
frequency). 

4 3  



I I 

@hese r e s u l t s  correspond t o  t h e  case of geometric o p t i c s ) ,  

1 -1 
and - t a n  T << 1 then: Example 2) I f  T >> 1 L >> L 

(cri t ical)  T 

Conclusions: The s t a t i s t i ca l  a n a l y s i s  of t h e  phenomenon of microwave 
s c a t t e r i n g  i n  t h e  t roposphere w a s  given above f o r  t h e  geometric o p t i c s  approx- 
imation and f o r  t h e  gene ra l  case of ob ta in ing  s o l u t i o n s  of t h e  wave equat ions 
wi th  t h e  he lp  of t h e  theory of " s m a l l "  and "smooth" d is turbances  by Kolmogorov. 
I n . t h e  f i r s t  p a r t  t h e  elementary equiva len t ,  s c a t t e r i n g  c ros s  s e c t i o n  i n  an  
angle  0 w a s  c a l c u l a t e d  and i t  w a s  proven t h a t  t h i s  angle  acts as a " f i l t e r "  
allowing t h e  supe rpos i t i on  of a minute number of s p e c t r a l  components t o  con- 
s t i t u t e  t h e  received s i g n a l  i n  t h e  above angle.  

W e  a l s o  attempted, to  g ive  a phys ica l  i n t e r p r e t a t i o n  of t h e  manner i n  
which t h e  tu rbu len t  condi t ion  is being crea ted  and developed according t o  t h e  
theory of Kolmogorov-Obukhov*. I n  t h e  second p a r t  t h e  problems of ainplitude 
and phase f l u c t u a t i o n s  of t h e  received s i g n a l  w a s  examined from t h e  p o i n t  of 
view of c o r r e l a t i n g  these ,  on one hand t o  t h e  fundamental parameter of t h e  
equiva len t  s c a t t e r i n g  c ros s  s e c t i o n ,  and on t h e  o t h e r  hand t o  t h e  frequency 
of r a d i a t i o n ,  t h e  l eng th  of coupling and t h e  spectrum of turbulence,  
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APPENDIX 

THE MEANING OF THE ENERGY DISTRIBUTION FUNCTION 
OF THE SCALE OF TURBULENCE 

1. L e t  us consider ,  f o r  example, a t i m e  funct ion f ( t )  "random" and n o t  
necessar i ly  s t a t i s t i c a l l y  s t a t i o n a r y  (which means a func t ion  t h e  character-  
i s t i c  components of which do n o t  change a f t e r  t h e  t i m e  t h e  phenomenon 
recording begins) .  
t h e i r  au tocor re l a t ion  func t ion  B(T)  = f ( t ) - f ( t  + T), which gives  the  
f l u c t u a t i o n s  of ] f ( t )  12. 

It i s  known t h a t  s t a t i o n a r y  func t ions  a r e  descr ibed by 

In order  t o tdesc r ibe  the  nonstat ionary func t ions  (which are mainly 
encountered i n  t h e  turbulence theory) i n  a somewhat s t a t i s t i c a l l y  analogous 
manner, we use in s t ead  of B(T),  t h e  so-called "s t ruc ture"  func t ion  of  t he  
funct ion f(t) which is expressed a s  D ( T )  = f ( t  + T) - f ( t ) '  = [ f ( t  + T ) ] ~ +  
[ f ( t ) 1 2  - 2 f ( t  f T) f(T) = 2[B(o) - B ( T ) ] ,  proposed o r i g i n a l l y  by Kolmogorov. 

- The b a s i c a l  thought f o r  t h i s  is  t h a t  i n  cases where f ( t )  is nonstat ionary,  
i.e. f ( t )  changes wi th  t i m e ,  i f  w e  consider F ( t )  = f ( t  4- T) - f ( t )  f o r  values  
of t no t  very l a r g e ,  s m a l l  changes of f ( t )  do no t  in f luence  F.(t) which now 
can be considered as s t a t iona ry .  

Since now B ( T )  c o n s t i t u t e s  t h e  Fourier  i n t e g r a l  of t h e  s p e c t r a l  
d i s t r i b u t i o n  of W(w)* . . 

00. 

'a(;) =: I:": w(o) dco = { v V  ( @ I )  4 w(0) dra 
,Go e m  

w e  w i l l  have: 

D(1) = 2 (1- 4 U V ( O d  1 W@) d @  sm 
- 0 3  - 

I f ,  on t h e  o the r  hand, w e  ca l l  @(w) t h e  s p e c t r a l  dens i ty  of t h e  spectral 
components of f ( t ) ,  i.e. 

w e  w i l l  have: - pp(o,) 9*(w1)* = d(cO,-@w,) W@J dwJoar 
_.-- - . - .. . - - - .- 

r e l a t i o n  which relates t h e  mean s p e c t r a l  dens i ty  of t h e  f l u c t u a t i o n s  energy 
of f ( t )  t o  t h e  s p e c t r a l . d e n s i t y  of it. The func t ion  6(w) is  known as t h e  
Dirac function. 

* W(w) r ep resen t s  t h e  mean s p e c t r a l  dens i ty  of t h e  energy (power) of 
t h e  f luc tua t ions  of f ( t ) ,  



2.  L e t  us come now t o  t h e  examination of "random" func t ions  of t h r e e  
v a r i a b l e s  ("random" f i e l d s ) .  
t h e  wind v e l o c i t y  i n  a turbulence atmosphere (vec to r ) ,  o r  t h e  humidity f i e l d s ,  
temperature etc. ( s c a l a r )  i n s i d e  t h e  same medium. For such a f i e l d  f(7) we can 
a l s o  spec i fy  t h e  c o r r e l a t i o n  func t ion:  

Examples of such func t ions  are t h e  f i e l d  of 

- 
I f  t h e  f i e l d  is homogeneous, B(F1, r2) i s  a func t ion  only of t h e  

d i f f e r e n c e  51 - F2, and i f  t h e  homogeneous f i e l d  i s  a l s o  i s o t r o p i c  then 

3. We w i l l  d e a l  e s p e c i a l l y  wi th  t h e  examination of t h e  f i e l d  of t h e  
wind v e l o c i t y  - which i s  r e spons ib l e  f o r  t h e  c r e a t i o n  of turbulence i n  t h e  
t roposphere l ,  and, t he re fo re ,  t h e  f i e l d  of t h e  r e f r a c t i o n  index. 

This f i e l d  creates s t r a t i f i c a t i o n  of t h e  turbulence  from t h e  (maximum) 
scale Lo t o  t h e  (minimum) Ro. 

The regions  of dimensions Lo which appear  as r e s u l t s  of t h e  i n s t a b i l i t y  
of t h e  o r i g i n a l  flow, are n a t u r a l l y  non i so t rop ic  as they depend d i r e c t l y  on 
t h e  geometr ical  p e c u l i a r i t i e s  of t h e  flow. These condi t ions  though do n o t  
a f f e c t  t h e  c l o t s  of high o rde r  of tu rbulence  R i  ( i n  t h e  region a,) and, 
t he re fo re ,  w e  can cons ider  t h e i r  reg ions  as i s o t r o p i c .  
dimension 

Since t h e  "c lo ts"  of 

do not  i n f luence  t h e  v e l o c i t y  d i f f e r e n c e  

- w e  can consider t h a t ,  f o r  d i f f e r e n c e s  I Fl - r2 I n o t  very l a r g e ,  t h e  above 
v e l o c i t y  d i f f e r e n c e  w i l l  depend only on t h e  i s o t r o p i c  regions of tu rbulence  Re Eo: w e  say  t h a t  t h e  f i e l d  3 (P) is  " loca l ly"  i s o t r o p i c .  

Since t h e  f i e l d  V (Z) is  a vec to r  f i e l d  it w i l l  be cha rac t e r i zed  by /20 
n ine  s t r u c t u r e  func t ions  ( in s t ead  of one) of 

wure i, j = 1, 2, 3,  v i  r ep resen t s  t h e  component of thd wind v e l o c i t y  a t  t h e  
D i j  (a) = (vi  - v i )  (v j  - VI)  

(1) The development w i l l  be  based on t h e  theory of Kolmogorov-Obukhov 
[15], [16] which today receives t h e  l a r g e r  percentage of experimental  
v e r i f i c a t i o n  i n  r e l a t i o n  t o  o t h e r s  which s i m i l a r l y  desc r ibe  t h e  turbulence 
spectrum i n  t h e  t roposphere [lZ]. 
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po in t  7 with  r e spec t  t o  t h e  axes x, y,  z and v i  i ts components a t  t h e  p o i n t  
- 2' = r + -r. 

Due t o  t h e  l o c a l  i s o t r o p i c  cha rac t e r  of t h e  f i e l d  (Landau "Fluid 
Mechanics", p. 124),  t h e  t enso r  Di 
6 i j  and t h e  u n i t  vec to r  ni i n  t h e  J i r e c t i o n  ri.  

depends only on P = r, t h e  u n i t  t enso r  

We w i l l  have, i.e.: 

(1) j Dij = A(r) 6 i j  + ( r )  n i  n 

L e t  us now place t h e  coord ina te  axes s o  t h a t  one of them coinc ides  wi th  
t h e  d i r e c t i o n  E, and vr and v t  are t h e  p ro jec t ions  of t h e  v e l o c i t y  vi i n  t h e  
d i r e c t i o n  n and perpendicular  t o  i t .  
dev ia t ion  (Vr - 
r1 and 

So t h e  component Drr w i l l  be t h e  mean 
of t h e  v e l o c i t y  i n  t h e  d i r e c t i o n  5 and between t h e  p o i n t s  - 

- 1  r1 = r + 3 ,  

while  

t h e  dev ia t ion  corresponding t o  t h e  p lane  which i s  perpendicular  t o  t h e  
d i r e c t i o n  Ti (vt t h e  v e l o c i t y  a t  t h e  po in t  Tl i n  a d i r e c t i o n  'perpendicular 
t o  ii and v i  t h e  va lue  corresponding t o  t h e  po in t  

r1 = r1 + Y). - 1  - 

The components Drr and DFt,are t h e  l o n g i t u d i n a l  and " t ransversa l"  s t r u c t u r e  
func t ions  of t h e  f i e l d  5 r re spec t ive ly .  

Since nr = 1 and n t  = 0 w e  have from (1) 

D r r  = A(r) + (r) 

and- Dt t  = A(r). 

A s  a r e s u l t :  

\ 

I n  t h e  case where t h e  v e l o c i t y  v ( r )  is  s m a l l  compared t o  t h e  v e l o c i t y  of 
sound (condi t ion  which is  usua l ly  f u l f i l l e d ) ,  w e  can consider t h e  f l u i d  
(atmospheric air) as noncompressible, i.e.: 

D d i v  C = 0 and then  a ii = S u b s t i t u t i n g  i n  (1) we ge t :  
a x i  
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So, t h e  t enso r  D i j  is  determined only from t h e  component D 

Assume i n i t i a l l y  t h a t  

o r  Drr. d t  

Lo > > r " R o  

(where 
t h e  l a r g e r  - non i so t rop ic  - "c lo ts"  of t h e  turbulence  spectrum7 . Rothe i n t e r n a l  scale "cut-off" of t h e  turbulence and L t h e  s c a l e  of 

From t h e  above w e  see t h a t  t h e  v e l o c i t y  d i f f e r e n c e  between t h e  p o i n t s  - - 
r l  and si = r l  + r w i l l  depend b a s i c a l l y  on t h e  c l o t s  wi th  dimensions 
comparable t o  r. As w e  developed i n  paragraph 2 of t h e  t e x t ,  t h e  only 
parameter cha rac t e r i z ing  these  c l o t s  i s  the  energy which i s  transformed i n t o  
h e a t  p e r  u n i t  t i m e  and mass of t h e  atmospheric f l u i d ,  from one class of 
turbulence scale t o  t h e  next  higher.  

This l o s s  of energy w e  ca;lled s, We conclude then t h a t  t h e  s t r u c t u r e  
func t ion  D r r  ( r )  w i l l  be determined only from t h e  independent v a r i a b l e s  r 
and s. 
t h e  only combina ion  of r and s which g ives  t h e  above dimensions i s  t h e  

B which would l ead  t o  a nondimensional quan t i ty .  
have t h e  form 

Drr(r) has dimensions of v e l o c i t y  square. It is easy t o  prove t h a t  

quan t i ty  ( s . r ) 2  ? and t h a t  i t  is impossible t o  f i n d  a combination of r and 
This means t h a t  Drr(r) w i l l  

D r r ( r )  C(s , r I2  I3 

where C is a cons tan t .  

The above r e l a t i o n s  could be proven a l s o  by the  observat ion t h a t  

is  mainly due t o  c l o t s  of dimension r ,  i.e. 

But as w e  show i n  paragraph 2 : vr % (s. r ) I  l3 and then 

Drr(r) % ( ~ . r ) ~ ' ~  

The q u a n t i t y  Dtt(r) is  determined from t h e  r e l a t i o n  (2): 

Dtt(r) = C(S.r)'y3 (Dtt  = Drr) 
3 3 

Assume now t h a t  r c<Ro 

t h e  reg ion  of scale A,, i n s i d e  t h e s e  c l o t s  t h e  flow w i l l  be laminar and, 
t he re fo re ,  t h e  v e l o c i t y  v a r i a t i o n s  between p o i n t s  a t  d i s t a n c e  r w i l l  be  
smooth: 
expanded i n  a power series of r and, due t o  i ts  i n f i n i t e s i m a l  s i z e ,  we w i l l  

I n  t h i s  case, due t o  t h e  assumed (Kolmogorov) s ta t is t ical  ba lance  of 

t h i s  m e a n s  t h a t  t h e  d i f f e r e n c e  vr(P1) - vr(?l  + n)  can be 
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have : 

- ;ir(ll) - C r ( r l  + '.) = a. P 
where Zio i s  a cons tan t  vec tor .  

Theref ore: 

and Dtt(r)  = 2ar2 = dDrr 2 Dr-(r) =I ar 

We w i l l  now determine t h e  cons tan t  a: 

Expanding t h e  r e l a t i o n  

- D i j  - (Vi - vl)*(v.-v!) J J  

w e  g e t  (having i n  mind t h e  l o c a l  i s o t r o p i c  c h a r a c t e r  of t h e  f i e l d )  

S imi l a r ly ,  due t o  t h e  l o c a l  i s o t r o p i c  cha rac t e r  and homogenity of t h e  
f i e l d  w e  w i l l  have 

- -  
and v.v! = v i v j  vivj  = v q  i J  

hence : 

Combining now r e l a t i o n s  (l), (2) ,  and (3) w e  acqu i r e :  

1 2  
V - V ?  = V * V  - a.r i j  + - arg. n i n j  = J  i j  -2. 

D i f f e r e n t i a t i n g  t h i s  r e l a t i o n s h i p  we  get :  

In  t h e  above r e l a t i o n s  i t  w a s  taken i n t o  account t h a t  due t o  t h e  v i s c o s i t y  
of t h e  f l u i d ,  d i f f e r e n t  p o i n t s  of i t  have d i f f e r e n t  " in t e rna l "  v e l o c i t i e s  
(vi, v!) t o  which, s i n c e  t h e  f l u i d  from t h e  viewpoint of e x t e r n a l  turbulence& 
scale io is ,  as a whole, i n  motion, w e  must add t h e  t r a n s f e r  v e l o c i t y  of t h e  
reg ions  wi th  diame t ex 

1 
R:'LLo, V &  VR. 

t 
The coord ina tes  (x i ,  xi), ( x ~ ,  f: a )  denote r e spec t ive ly ,  r e f e rence  systems 
i n s i d e  t h e  reg ions  of 
scale %L. 

i n t e r n a l  motion and t h e  reg ions  of l a r g e  turbulence  

Because r e l a t i o n s  (4) are v a l i d  f o r  a r b i t r a r i l y  s m a l l  va lues  of r we 
can put  xi --xi then: 
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It is  known (see e.g. Landau "Fluid Mechanics", par.  16,  p. 5 3 )  t h a t  t h e  
mean d i s s i p a t e d  energy, due t o  t h e  f l u i d  v i s c o s i t y ,  w i l l  be equal  to:  

- 

1 = (:) (graciv)a . .  

where v is  t h e  t o t a l  v e l o c i t y  of t h e  f l u i d  of e x t e r n a l  scale Lo, i.e. t h e  
sum of t h e  v e l o c i t y  t h a t  corresponds t o  t h e  i n t e r n a l  relative motion of 
tu rbulence  of small scale R%go and t h e  v e l o c i t y  corresponding t o  t h e  turbulence 
of e x t e r n a l  scale Lo, p is t h e  c o e f f i c i e n t  of v i s c o s i t y  of t h e  f l u i d  andp 
i t s  dens i ty .  

1.e.: 

then 

the re f  o r 8  

and 

I . . . .  

Therefore,  w e  achieved t h e  
t r a n s v e r s a l  s t r u c t u r e  func t ions  

and 

( 5 )  

determinat ion of t h e  l o n g i t u d i n a l  and 
of t h e  f i e l d  v(r)  

r<<Lo: 

. - .- 
* I s  S I &  , 

D,, ( r )  = C . 4 

D,t (1.) = -. C . a . r 

1' 

4 '10 '10 , 
_. 3. . 

0 
r < < R  

f o r  t h e  cases where 

( 5 ' )  

The s t r u c t u r e  func t ion  D ( r )  is  represented  i n  f i g .  3 below. For s m a l l  
va lues  of r ("cut-off'' r eg ionf r the  curve follows t h e  pa rabo l i c  l a w  a or2 up t o  
t h e  va lue  r = R,(minimum turbulence  s c a l e )  and then  t h e  l a w  

. - a  * B  
e . - 9 :  
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which Ps considered v a l i d  f o r  va lues  

The va lue  R , i s  determined by t h e  p o i n t  of i n t e r s e c t i o n  of t h e  curves 
I I ." 

and i t  is  equal  to:  

and . . ... 

. +. ., . ' 

- - .  
Since now t h e  d i s t a n c e  r between t h e  two p o i n t s  i n  t h e  t roposphere 

considered inc reases ,  

\ 

.. 

2l - zn -uc 
4. ' - 

- 1  - . - _  .. . 

Fig. 3 

t h e  condi t ion  r<<Lo is no longer  v a l i d  ( t h e  c l o t s  f o r  which 

Lo ' ~ p k  r 

cannot be  considered homogeneous and i s o t r o p i c ) .  
cont inua t ion  of t h e  curve f o r  l a r g e  va lues  of r% Lo ceases t o  fo l low t h e  
asymptotic l a w  (dot ted  l i n e )  and "shows s a t u r a t i o n  e f f e c t "  from t h e  po in t  of 
view t h a t ,  f o r  R> Lo, energy exchanges i n s i d e  t h e  f l u i d  do n o t  e x i s t ;  i t  
then  follows a more o r  less l i n e a r  motion absorbing, poss ib ly ,  energy from 
t h e  surroundings (e. g. sun energy). 

I n  t h i s  case,  t h e  

4 .  Afte r  t h e  c a l c u l a t i o n  of t h e  s t r u c t u r e  func t ion  D(Z) of t h e  v e l o c i t y  
f i e l d  v(X') of t h e  f l u i d ,  l e t  us now determine. i ts energy d i s t r i b u t i o n ;  i.e. 

52 



f i n d  the  func t ion  which gives t h e  k i n e t i c  energy of t h e  c l o t s  a t  each case 
r e l a t i v e  t o  t h e  corresponding turbulence scales R i  of them. 
of t h i s  func t ion  is very  e s s e n t i a l  because, as w e  have seen, t h i s  func t ion  is 
t h e  only one which e n t e r s  i n  t h e  determinat ion of t h e  power r e l a t e d  t o  
s c a t t e r i n g ,  equiva len t  s c a t t e r i n g  c r o s s  s e c t i o n ,  of an e lec t romagnet ic  wave 
propagating through t h e  considered t u r b u l e n t  atmosphere. 

The c a l c u l a t i o n  

It w e  des igna te  0 (ii) t h e  func t ion  of t h e  
determined, where 

* 2  u i  = p 
ki 

s p e c t r a l  d i s t r i b u t i o n  t o  be  

( the  turbulence R i  p lays  t h e  r o l e  i n  t h i s  case "of space period", hence t h e  
v a r i a b l e  ui r ep resen t s  t h e  r e s p e c t i v e  component "frequency" of t h e  spectrum), 
according t o  t h e  development of par.  1 of t h e  p re sen t  Appendix w e  w i l l  have: 

-to 

Under t h e  same d e f i n i t i o n ,  t h e  t e n s o r  of t h e  s t r u c t u r e  func t ion  Dij(?) 
w i l l  give: 

where @. (u) w i l l  be t h e  t enso r  of t h e  energy d i s t r i b u t i o n  of t h e  v e l o c i t y  
f i e l d  if@). 

The form of t h i s  last  t enso r  Gij(u) is  determined on t h e  b a s i s  of t h e  
same reasoning wi th  which i n  t h e  previous paragraph Dij(F) w a s  expressed, 
i.e. : - 

D~~ br,AaS+, : Qij (10 = 
(8) = G ( I c ) . u ~  ~j J r { ( l h ) d i j  

_ .  . .- - 
where G(u), E(u) scalar func t ions  of u . 

From t h e  equat ion of t h e  noncompressible f l u i d s  ( f a r  v e l o c i t i e s  T (Y) 
n e g l i g i b l e  wi th  r e spec t  t o  t h e  sound v e l o c i t y ) ,  i t  fo l lows  as i n  t h e  previous 

I paragraph: .. . - .  
; aDij 

3% 
-- 

and by s u b s t i t u t i o n  i n  equat ion  (7) :  - 0  

I 

' -00 . -. -. .. . 

Replacing t h i s  r e l a t i o n  i n  ( 8 )  w e  have: 
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and (7) gives:  

G(u) = 

' c o  

I 
. . 

To g ive  t h e  phys ica l  meaning of t he  func t ion  E(u), w e  w i l l  assume f o r  
a moment t h a t  t he  v e l o c i t y  f i e l d  V(Z) i s  i s o t r o p i c  and t h a t  t h e  tensor  of 
t h e  c o r r e l a t i o n  funct ion of it B i j  e x i s t s ,  as w e l l  as t he  s t r u c t u r e  funct ion 
of Dij: 

L .  
-03 

i n  the  case of i s o t r o p i c  condi t ions 

2 Gij+ dii = 3 and UiUi = u 

For r = 0 w e  get :  

1 _. - * _  -co I 

Therefore,  t h e  func t ion  E(u) gives  ( i n  a three-dimensional vec tor  space) 
t he  s p e c t r a l  d i s t r i b u t i o n  (i.e. the  d i s t r i b u t i o n  per  scale of turbulence ai) 
of t h e  referenced (per  unit  of f l u i d  mass) k i n e t i c  energy. 

' W e  w i l l  c a l c u l a t e  t h e  funct ion E(u) i n  our case where the  s t r u c t u r e  
funct ion of t h e  ve loc i ty  f i e l d  follows t h e  "two th i rds"  l a w  which w a s  found by 
t h e  theory of Kolmogorov-Obukhov. 

W e  have: ( fo r  t h e  i s o t r o p i c  case) 
I 

But from (1) it follows: 
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Subs tit u t ing  

Drr(r) =I C. s2l3 r 2/3 and D t t  = c ,  213 r2/3, 
e 

we get  : 

from which i t  follows: 

E(u) = A. 7/8 u-11/8 (8) where A :i.s a 

cons tan t  equal  to :  

[where I'(8) is  t h e  known gama func t ion  determined as 
3 

0 .. 

with  b a s i c a l  property: 

r (z  + 1) = z . r (2) 

The func t ion  E(u) (or  O(u)) is  shown i n  f i g .  3 t oge the r  wi th  D(r). The 
l a w  of v a r i a t i o n  

O(U)% u-11/3 

i s  followed i n s i d e  t h e  region "of energy exchange" 

0 

where D(r) follows t h e  "two t h i r d s "  l a w .  

I n  t h e  s m a l l  scales f o r  which 

inknown l a w  di 

u p2 
go 

@(u) decreases  quickly (according t o  a y e t  t o  t h e  f a c t  t h a t ,  
owing t o  t h e  v i s c o s i t y  of t h e  atmospheric region under cons idera t ion  i n  which 
t h e  propagation t akes  p lace ,  t h e  turbulence  scales of t h e  o rde r  RI<R 
expanding more o r  less "abruptly" i n t o  h e a t ,  t h e  k i n e t i c  energy t r angfe r r ed  
by t h e  l a r g e r  scales. 

are 

I n  t h e  l a r g e  scales f o r  which 
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Q ( u ) ,  depending exc lus ive ly  on t h e  s p e c i a l  condi t ions  of l a r g e  scale flow, , 

does not  fo l low a concre te  l a w  bu t  remains almost cons tan t  ( "sa tura t ion"  
region) due t o  t h e  r e l a t i v e  energy s t a b i l i t y  of t h e  reg ions  f i i %  Lo. 

The problem which arises a t  t h i s  po in t  i s  t h e  p o s s i b i l i t y  of experimental 

1 

examination of t h e  power f o r  t h e  real atmosphere) of a proposed model 
@ (U) ? /23 

It would be necessary then f o r  t h e  func t ion  O(u) t o  e n t e r  i n  t h e  
c a l c u l a t i o n  of magnitude, e a s i l y  measurable and e a s i l y  d i s t i n g u i s h a b l e  from 
o t h e r  coex i s t ing  parameters. . 

I n  such a magnitude t h e  rece ived ,  due t o  s c a t t e r i n g ,  power w i l l  be 
examined a t  t h e  r e c e i v e r  f o r  a r a d i o e l e c t r i c  coupling occurring i n s i d e  
tu rbu len t  atmosphere. Whether t h e  considered coupling occurs under 1.irre of 
s i g h t  contac t  o r  beyond t h e  r a d i o e l e c t r i c  horizon w i l l  have, as w e  w i l l .  see 
below, as a r e s u l t ,  some modi f ica t ions  on t h e  genera l  r e l a t i o n s  t o  be  examined. 

Let us begin wi th  t h e  r e l a t i o n ,  which w a s  found i n  paragraph 3 of t h e  
t e x t ,  between the  equiva len t  elementary s c a t t e r i n g  c ros s  s e c t i o n  and t'hla 
spectrum of energy d i s t r i b u t i o n .  

This is: 

We are reminding t h a t  o g i v e s  t h e  received power due t o  s c a t t e r i n g  pe r  
u n i t  dens i ty  of i n c i d e n t  power i n  t h e  s c a t t e r i n g  volume p e r  u n i t  of s o l i d  
angle  and u n i t  of common volume.. 

L e t  w be t h e  t r ansmi t t ed  power. The energy d e n s i t y  a t  a po in t  of t he  
common volume a t  a d i s t a n c e  Ro from t h e  t r a n s m i t t e r  w i l l  be  

where G is  t h e  ga in  of t h e  t r ansmi t t i ng  antenna equal t o  41IA 
7 

(1) Due t o  t h e  s a m e  reason i t  is  a l s o  n o t  p o s s i b l e  t o  determine t h e  
cons tan t  C b u t  only under s p e c i a l  assumptions [ 5 ]  of ambiguous power. 

(2) Here w e  w i l l  r e f e r  t o  t h e  s imples t  "static" i n d i r e c t  method, f o r  
r a d i o e l e c t r i c  couplings,  which permits t h e  determinat ion of t h e  spectrum i n  
percentages of l a r g e  t i m e  i n t e r v a l s  of continuous s tudy ,  and n o t  t h e  method 
by e l e c t r o n i c  re f rac tometer  [ 8 ]  which permits t h e  d i r e c t  determinat ion of 
B(7). 

56 



where A is t h e  equiva len t  s u r f a c e  of t h e  antenna. 
angle,  s c a t t e r e d  power from t h e  volume element dV w i l l  be: 

The pe r  u n i t  of s o l i d  

and t h e  rece ived ,  a t  t h e  p o s i t i o n  of t h e  r ecep t ion  antenna (which is similar 
t o  t h e  t r a n s m i t t i n g  antenna),  element of power w i l l  be: 

dP = w 4r[A 6 . dV . A 
411R0 7 R2 

where R, the d i s t ance  of t h e  volume element dV from t h e  rece iv ing  antenna. 

I n t e g r a t i n g  on t h e  e n t i r e ,  common s c a t t e r i n g  volume we g e t  t h e  t o t a l  
received power due t o  s c a t t e r i n g  

P = w.-  A2 6 dV 
-7-1 

V 

It is  common i n  t h e  c a l c u l a t i o n  f o r  t h e  above power t o  be compared wi th  
t h a t  which would be received i n  f r e e  space (i.e:in an i s o t r o p i c  and 
homogeneous atmosphere). 

The power f o r  f r e e  space coupling as i t  is  known is  

where d is t h e  d i s t a n c e  between t r a n s m i t t e r  and receiver. 

We w i l l  accordingly have: 
. .- _ .  . 

. - .. - ...-=I _. 

In t h e  case of i s o t r o p i c  turbulence: 

If t h e  coupl ing is of l a r g e  length  and beyond t h e  horizon: 
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and then 

L e t  us c a l c u l a t e  t h e  order  of magnitude of t h e  mean s c a t t e r i n g  volume Vu: 
I n  a case f o r  which t h e  opening of t h e  main lobes  52 of r a d i a t i o n  of t h e  
antennas used is smaller than t h e  angle  8 

s i m p l e  geometric cons ide ra t ions  g ive  

Theref o r e  : 

But 

d 
P Q 26 ;; n3 

P O  
. U- -- 

d - Rf 
where Rf is t h e  equiva len t  transformed r a d i u s  of t h e  Ear th ,  determined from 
t h e  equiva len t  mean s lope  of t h e  r e f r a c t i o n  c o e f f i c i e n t  i n s i d e  t h e  coupling 
region. 

Correspondingly: 

I n  t h e  case now of l i n e  of s i g h t  con tac t ,  w e  must cons ider  t h e  s c a t t e r e d  
power i n  a l l  d i r e c t i o n s :  

C 16.d" 
411 

The s c a t t e r e d  power f o r  l eng th  d (of t h e  coupling length)  w i l l  be 
-C.d 

P = P  . e  
where Po t h e  power i n  ~ f r e e  space. 
power a r r i v i n g  due t o  s c a t t e r i n g :  

s e r e f o r e ,  w e  w i l l  have a t  t h e  receiver, 
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For C.d<<l 
(Born C r i t e r i o n  - s c a t t e r i n g  "weak") 

o r  more accu ra t e ly ,  t ak ing  i n t o  account t h e  r e f l e c t e d  beam on t h e  Earth's 
su r face  (coming from t h e  r a d i a t i o n  p a t t e r n  which is loca ted  below the  :Line 
between t r a n s m i t t e r  and r e c e i v e r ) ,  

where q is  t h e  r e f l e c t i o n  c o e f f i c i e n t  of t h e  su r face .  

[By assuming, f o r  example, tu rbulence  spectrum of Gauss' form i t  f o l l  

and ( f o r  
.c 

where R is  t h e  mean scale of tu rbulence  and A$, t h e  mean dev ia t ion  of t h e  
r e f r a c t i o n  index. Hence: 

We observe,  i. e. t h a t  t h e  s c a t t e r e d  component rece ived  decreases  as 
whi le  t h e  d i r e c t  component i n  f r e e  space, as d 2  beyond t h e  same po in t  
(or  above a c e r t a i n  region) d i r e c t  and s c a t r e r e d  components combine a t  t h e  
r ece ive r  w i th  comparable magnitudes.] 

Assuming now t h e  spectrum of Kolmogorov-Obukhov 

and s u b s t i t u t i n g  i n  (10) we get :  
. .  . .. . .. . .  

s 

-\. 
-. 

The r e l a t i o n  (11) shows a dependence 

-1/8 
h 

between t h e  received power and t h e  wave length ,  as long as w e  have assumed t h e  
above s p e c t r a l  d i s t r i b u t i o n .  

The experimental  v e r i f i c a t i o n s  though [14] ( in networks both beyond t h e  
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horizon and l i n e  of s i g h t  contac t )  show t h a t  t h e r e  is  n o t  only one dependence 
A'K bu t ,  depending on t h e  geometry of coupling and t h e  season and t h e  t i m e  of 
t h e  experiment, t h e  parameter IC f l u c t u a t e s  approximately between -3<K<3 
f o r  couplings beyond t h e  horizon-,. and decreases monotonically [13] f o r  l i n e  of 
s i g h t  couplings. 

A presen ta t ion  of t h i s  d i f f e r e n t i a t i o n  toge the r  wi th  ' r e l a t e d  experimental  
d a t a  of t h e  above Greek atmospheric area i s  given i n  one of our  r ecen t  s t u d i e s  
[13]. One could say accordingly t h a t  a r e l a t i o n  of t h e  form 

is no t  v a l i d  a t  a l l  t i m e s  f o r  t h e  same x,  which means t h a t ,  because i n  t h e  
same space t h e  only  parameter which changes t h e  rece ived  power i n  a given 
r a d i o e l e c t r i c  coupling i n  t i m e  is, i n  t h e  last a n a l y s i s ,  t h e  turbulence  scale 
Ri, t h e  exponent x must be  d i f f e r e n t  f o r  d i f f e r e n t  spectrum regions  

R 0 <<Ri<<Lo 

S u b s t i t u t i n g  i n  f a c t  (12) i n  (9) and assuming t h a t  f o r  t h e  same coupling 
w e  use s imultaneously two wave l eng ths  X i  and A2 wi th  proper  antennas so  
t h a t ,  i n  both cases, t h e  common s c a t t e r i n g  volume is  t h e  same, by comparing 
simultaneous mean va lues  of r ecep t ion  w e  ob ta in :  

The simultaneous experimental v e r i f i c a t i o n s g i v e  x-4 between 2 and -2, i.e. 
+25x26 meaning spectrum 0(u) i n s i d e  t h e  region of energy exchanges 

The above reasoning though i s  not  abso lu t e ly  c o r r e c t  because i t  i.s based 
on t h e  assumpt5on t h a t  t h e  only propagat ion mechanism of t h e  electromqgnet ic  
r a d i a t i o n  through t h s  froposphere i s  t h e  one of r e f r a c t i o n  (of s c a t t e r i n g )  by 
t h e  tu rbu len t  regions'  R i  and, furthermore,  t h a t  i n  t h i s  las t  case  t h e  only 
mechanism of transFo'irming k i n e t i c  energy i n t o  h e a t  is  t h e  one of t h e  f l u i d  
v i s c o s i t y  and t h a t  t h e  turbulence  s t r e n g t h  is  cons tan t ,  l ead ing  always t o  a 
s c a l e  of cut-off Ro of t h e  same o rde r  of magnitude (mm). 

It has  been known f o r  some t i m e  though ( F r i i s ,  Crawford, Bogg. Voge, 
Du Caste1 , Misme) t h a t  i n  t h e  troposphere,  t h e  t r ack ing  (by radio soun.dirig 
and e l e c t r o n i c  re f rac tometers )  "of' f o i l s "  regions thermodynamically s t a b l e  of 
l a r g e  h o r i z o n t a l  dimensions ( a  few km) compared t o  t h e  v e r t i c a l  dimensions ( a  
few m) which are cha rac t e r i zed  by sharp ver t ica l  s lope  of t h e i r  r e f r a c t i a n  
index r e l a t i v e  t o  t h e  mean s l o p e  of t h e  surrounding ( tu rbu len t )  space ,  i s  
poss ib le .  
wave. 

Each of t h e  " f o i l s "  creates a p a r t i a l  r e f l e c t i o n  of t h e  inc iden t  

For a " f o i l "  of i n f i n i t e s i m a l  th ickness  corresponding t o  a s m a l l  
d i s c o n t i n u i t y  dn of t h e  r e f r a c t i o n  index, t h e  r e f l e c t i o n  c o e f f i c i e n t  w i l l  be  
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d r  = & 
2 a2 

where a is  t h e  inc iden t  angle  (aQ2-u of t h e  o rde r  of a few mrad). 

" f o i l "  s i t u a t e d  a t  a he igh t  z of small th ickness  h ,  t h e  r e f l e c t i o n  c o e f f i c i e n t  
r is  t h e  Four ie r  t ransformat ion  of t h e  change of s l o p e  

For a 
d 

dn(z) = g(z) 
dz 

of t h e  r e f r a c t i o n  index i n s i d e  t h i s  " f o i l "  : 

where 

(2kz: 
r e f l e c t i o n ) .  

c o e f f i c i e n t  which t akes  i n t o  account t h e  phase d i f f e r e n c e  due t o  

Obviously, t h e  va lue  of r depends on t h e  form of s t r a t i f i c a t i o n  g(z)  
i n s i d e  t h e  "foi l" .  

I f ,  f o r  example, w e  assume l i n e a r  v a r i a t i o n  leading  t o  a d i f f e r e n c e  
6g of t h e  s l o p e  of t h e  r e f l e c t i o n  index through t h e  th ickness  h of t h e  
" fo i l " ,  w e  w i l l  have: 

4n 
sg 1. ;j a (zi-h) r = -  8na0 

This r e l a t i o n  i s  v a l i d  as long as t h e  ho r i zon ta l  dimensions of t h e  " f o i l "  
are assumed t o  b e  i n f i n i t e l y  l a r g e  and plane.  
v e r i f i c a t i o n s  lead ing  t o  f i n i t e  va lues ,  Lo of h o r i z o n t a l  dimensions and, i n  
t h e  ex i s t ence  of f l u c t u a t i o n s  -of t h e i r  s epa ra t ing  s u r f a c e s ,  t h e  c o e f f i c i e n t  
r must be mul t ip l i ed  by a f a c t o r  which w i l l  t ake  i n t o  account t h e  r e l a t i o n  of 
t h e  dimensions Lo t o  t h e  corresponding dimensions of the f i r s t  Fresne l  b e l t ,  
which c o n s t i t u t e s  t h e  c ros s  s e c t i o n  between t h e  f i r s t  F re sne l  e l i p s o i d  wi th  
f o c a l  po in t s ,  t h e  t r a n s m i t t e r  and t h e  r e c e i v e r  and t h e  r e f l e c t i n g  su r face  of 
t h e  " fo i l " ,  as w e l l  as, i n  f a c t ,  t h e  s e p a r a t i n g , s u r f a c e s  n o t  being smooth 
i n  which cases, t h e  Rayleigh c r i t e r i o n  is  no t  f u l f i l l e d .  I f  d is  t h e  
d i s t a n c e  between t r a n s m i t t e r  and receiver, t h e  dimensions of t h e  above F resne l  
b e l t  ( e l l i p s e )  w i l l  be 

Given though, t h e  experimental 

- 
vhd 

( t r ansve r sa l )  and 

@ 
a 

( long i tud ina l ) ,  (where a t  t h e  inc iden t  angle  i n  r ad ) .  

For wave l eng th  X of the'mierowave region w e  u s u a l l y  have /25 
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a 

hence t h e  r e f l e c t i o n  c o e f f i c i e n t  r becomes: 

So, t h e  con t r ibu t ion  of each " f o i l "  w i l l  b e  manifested by one "elementary 
referenced r e f l e c t e d  power" 

-. . 
of phase d i f f e r e n c e  

8ll . h.a  - 
( $ =  A 

r e l a t i v e  t o  t h e  inc iden t  power on t h e  " fo i l " .  
power, due t o  t h e  mechanism of p a r t i a l  r e f l e c t i o n s  of t h e  atmospheric " fo i l s1 '  
of d i f f e r e n t  th ickness ,  h o r i z o n t a l  dimensions, and a l t i t u d e s ,  w i l l  r e s u l t  from 
add i t ion  of t h e  ind iv idua l  elements of power oo (h ) ( t ak ing  n a t u r a l l y  i n t o  
account t h e  phase d i f f e r e n c e s ' a t  each case).  

The t o t a l  con t r ibu t ion  of 

Therefore,  t h e  received power, relative, t o  t h e  corresponding power i n  
f r e e  space, w i l l  be: 

1 

_ .  
*More accu ra t e ly ,  i t  w i l l  be: d' - 2 -. OOk 

p ,  I P o -  4 7 4  d;  , 

where d , d2 are t h e  d i s t ances  from t h e  t r a n s m i t t e r  and t h e  r ece ive r  t o  t h e  
po in t  o$ geometric r e f l e c t i o n  on t h e  " f o i l "  under cons idera t ion  and: 

and 6R i s  t h e  d i f f e r e n c e  i n  t h e  pa th  ( d l  + d2) - ( d i  + d i )  between t h e  po in t  
of geometr ical  r e f l e c t i o n  on t h e  " f o i l "  and t h e  c e n t e r  of t h e  next  elementary 
s u r f a c e  ds  of t h e  "foil".  The above expression must b e  taken i n t o  account when 
w e  are cons ider ing  " f o i l "  of l a r g e  h o r i z o n t a l  dimensions and of wavy sepa ra t ing  
s u r f  aces. 
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From r e l a t i o n s  (11) and (14) i t  is  obvious t h a t  t h e  two mechanisms, 
s c a t t e r e d  and p a r t i a l  r e f l e c t i o n s ,  l e a d  i n  comparable r e s u l t s  t o  t h e  o rde r  of 
magnitude of i n f luence  of t h e  main coupling parameters, i .e. t h e  d i s t a n c e  and 
t h e  frequency. 
of t u rbu len t  atmosphere, t h e  non i so t rop ic  cha rac t e r  of t h e  medium b r ings  
only s l i g h t  modi f ica t ions  i n  t h e  f a c t s  r e s u l t i n g  from t h e  assumption of 
i s o t r o p i c  turbulence ,  due t o  t h e  f a c t  t h a t  t h e  v e r t i c a l  and h o r i z o n t a l  
dimensions of t h e  c l o t s  under cons ide ra t ion  are similar. 

I n  t h e  case  of t h e  mechanism of propagat ion through reg ions  
. 

I n  t h e  case of t h e  mechanism by p a r t i a l  r e f l e c t i o n s ,  t h e  h o r i z o n t a l  and 
v e r t i c a l  dimensions of t h e  " f o i l s "  considered d i f f e r  by many o rde r s  of 
magnitude and n a t u r a l l y  p l ay  completely d i f f e r e n t  r o l e s .  

In  t h e  case  of s c a t t e r i n g ,  t h e  l i m i t s  of t h e  turbulence scale i n s i d e  
which energy t r a n s f e r  occurs,  (i.e. turbulence) R1'LR0 and R2< Lo are of much 
d i f f e r e n t  order  of magnitude ( R 1 U  mm R2Q100 m). A s  a r e s u l t  (11) i n d i c a t e s  
t h a t  t h e  magnitudes R1 ........ R2, f o r  a given coupl ing length  d o r  8 ,  are 
comparable t o  t h e  wave l eng th  A ,  We conclude then t h a t  t h e  r a t i o  2 must 

depend on t h e  same l a w  ( t h e  same x) 
PO 

P ' L  - 
PO 

f o r  a very l a r g e  frequency reg ion ,  which c o n t r a d i c t s  t h e  experimental  
v e r i f i c a t i o n s  [13].  

I n  t h e  case  of p a r t i a l  r e f l e c t i o n s  on t h e  con t r a ry ,  t h e  corresponding 
l i m i t s  are very  much d i f f e r e n t :  Pr imar i ly ,  t h e  range of t h e  th ickness  h of 
t h e  d i f f e r e n t  " f o i l s "  (which varies from a few meters t o  a few meter decades) 
must b e  compared t o  t h e  phase d i f f e r e n c e  

- 4 l l . a . h  
A 

i.e. t o  t h e  magnitude A. 
a 

On t h e  o t h e r  hand, t h e  h o r i z o n t a l  dimensions L of t h e  " f o i l s "  (of t h e  
0 order  of a few knl) must b e  compared t o  t h e  a x i s  of F resne l  e l l i p s e  

- - 
V A.d and VA.d/a. 

Therefore,  t h e  dependence of t h e  rece ived  power on t h e  wave l eng th ,  i n  t h i s  
case, must b e  much more critical, a f a c t  t h a t  j u s t i f i e s  t h e  spread of t h e  
parameter x i n  t h e  formula 

without  n e c e s s a r i l y  t h i s  spread being caused by a corresponding change i n  t h e  
form of t h e  turbulence  spectrum. 
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F i n a l l y  i t  is worth not ing  t h e  f a c t  t h a t  t h e  experimental (from t h e  
morphology of t h e  v a r i a t i o n  p a t t e r n s  of t h e  received electromagnet ic  f i e l d  i n  
each case)  s epa ra t ion  of each of t h e  above propagation mechanisms is  r a t h e r  
clear and simple: I n  t h e  case of s c a t t e r e d  s i g n a l  due t o  turbulence ,  t he  
s t a t i s t i c a l  n a t u r e  of t h e  propagat ion medium i s  expressed t w i c e :  a )  by . 
i n t roduc t ion  of t h e  energy spectrum @(u) (or  t h e  c o r r e l a t i o n  func t ion  B(r) 
of t h e  r e f r a c t i o n  index f l u c t u a t i o n s )  d i r e c t l y  i n  t h e  same elementary ( r e f e r -  
enced) power of r ecep t ion  od(f3,h) ( t h e  equiva len t  s c a t t e r i n g  c ros s  s e c t i o n )  
and b) t h e  i n t e g r a l  which comes a f t e r  crd(8,h) f o r  t h e  c a l c u l a t i o n  of 
P recept ion ,  tak ing  i n t o  account a second s ta t i s t ica l  d i s t r i b u t i o n  of od(8,X) 
i n  space (received s i g n a l  made up by a very  l a r g e  number of components of 
random phase). P 

I n  t h e  case of a s i g n a l  from p a r t i a l  r e f l e c t i o n s ,  t h e  r e f l e c t i o n  
c o e f f i c i e n t  of each atmospheric " f o i l "  con ta ins  i t s  own phase and only from 
t h e  add i t ion  

of t h e  respective elements of r e f l e c t e d  power t h e  s ta t i s t ica l  cha rac t e r  of 
t h e  phenomenon appears (once),  
number of components of random phase. 

Reception s i g n a l  made up by a very  s m a l l  

According t o  t h e  above developments though, t h e  dependence of t h e  
received power on t h e  wave length ,  through t h e  troposphere,  is  no t  expected, 
t h e o r e t i c a l l y ,  t o .have  range g r e a t e r  than  

This disagreement wi th  t h e  above developed, experimental  v e r i f i c a t i o n s  f o r  
beyond horizon couplings * b - 

could be removed, 'if$ tdei scale of tu rbulence  of 
. e  J 

cut-of f /26 

would remain f o r  a s u f f i c i e n t  percentage of t h e  
s i z e  o r  t h e  100 m s i z e  reg ion  i n s t e a d  of t h e  mm 

observa t ion  t i m e  i n  t h e  meter. 
s i z e  region. I n  t h i s  case t h e  - 

curve @(u)  would be  separa ted  i n  two main branches from which t h e  second (which 
r e f e r s  t o  t h e  va lues  
and f o r  a scale i n t e r v a l  ARcomparable t o  t h a t  of t h e  f i r s t ,  which would j u s t i f y  
t h e  experimental r e s u l t s .  
of expanded power per  scale of tu rbulence  due t o  t h e  v i s c o s i t y  0. 
s m a l l  va lues  G, though, denote e i t h e r  a corresponding weak turbulence  o r  a 
f a s t e r  reduct ion  i n  t h e  d e n s i t y  of t h e  k i n e t i c  energy, towards t h e  smaller 
va lues  Ri. 

would 'be decreasing much f a s t e r  than  t h e  f i r s t ,  

Large va lues  of !to correspond t o  very  s m a l l  va lues  
Very 

The last assumption r e s u l t s  i n  a progres s ive  "absorbtion" of k i n e t i c  
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energy by some mechanism d i f f e r e n t  than t h e  one of t h e  viscous fo rces ,  What 
type  of mechanism is t h i s ?  According t o  an assumption [Bolgiano 19591 which 
is v e r i f i e d  very s a t i s f a c t o r i l y  by experiment, t h e  r e t a r d i n g  fo rces  on 
moving c l o t s  i n s i d e  atmospheric, thermodynamically s t a b l e  " f o i l s "  [Sl], which 
f o r c e  t h e s e  c l o t s  i n  a damped o s c i l l a t i o n  t h a t  b r ings  them i n  t h e  o r i g i n a l  
s tate of equalibrium, t ransform p a r t  of t h e i r  k i n e t i c  energy i n t o  po2:c:tztial 
energy, on a scale of many o rde r s  of magnitude h igher  than (5. 13-1s aab.c:~ve 
r e t a r d i n g  f o r c e s  inc rease  with t h e  magnitude of t h e  corresponding c l o t s ;  t h e  
above mechanism, t h e r e f o r e ,  (which produces an i n c r e a s e  i n  s lope  of t'tle f i r s t :  
l e f t  member of @(u) )  shows b a s i c a l l y  i n  t h e  high non i so t rop ic  (due t u  
" layer l ike"  n a t u r e  of t h e  surrounding) scale of turbulence.  

In conclusion: t h e  form of @(u)  i s  subdivided i n t o  f o u r  regions:: 
t h e  region of " i n e r t i a "  Ri%LRo, t h e  reg ion  "of r e t a rda t ion"  i n  which the k i n e t i c  
energy of t h e  corresponding scales is  absorbed by t h e  v iscous  fo rces  of t h e  
thermodynamically s t a b l e  f l u i d  being transformed i n  p o t e n t i a l  energy, t h e  
reg ion  i n  which t h e  energy absorb t ion  occurs,  i n  f r i c t i o n  energy quantli t ies 
CT and f i n a l l y  t h e  "cut-off region" Ri%Ro. 

Trans la ted  f o r  Nat ional  Aeronaut ical  and Space Adminis t ra t ion by 
I n t e r n a t i o n a l  Information Incorporated.  

65 


